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EQUIVARIANT MOTIVIC INTEGRATION ON FORMAL
SCHEMES AND THE MOTIVIC ZETA FUNCTION
ANNABELLE HARTMANN
Abstract. For a formal scheme over a complete discrete valuation ring with
a good action of a finite group, we define equivariant motivic integration, and
we prove a change of variable formula for that. To do so, we construct and
examine an induced group action on the Greenberg scheme of such a formal
scheme. Using this equivariant motivic integration, we define an equivariant
volume Poincare´ series, from which we deduce Denef and Loeser’s motivic zeta
function including the action of the profinite group of roots of unity.
1. Introduction
Let R be a complete discrete valuation ring of equicharacteristic zero with residue
field k, and let X∞ be a sftf formal R-scheme, i.e. a separated formal scheme
which is topologically of finite type over R. Let m be the relative dimension of
X∞ over R, and denote by X0 its special fiber and by Xη its generic fiber in the
category of rigid varieties, which we assume to be smooth. Let ω be a gauge form
on Xη, i.e. a global section of Ω
m
Xη
. Under these assumptions the volume Poincare´
series S(X∞, ω;T ) of the pair (X∞, ω) was defined in [NS07b, Definition 7.2] by
S(X,ω;T ) :=
∑
d>0
(
∫
X∞(d)
|ω(d)|)T d ∈MX0 [[T ]] .
Here X∞(d) := X∞ ×R R(d), where R(d) is a totally ramified extension of R of
degree d, ω(d) is the pullback of ω to X∞(d), and∫
X∞(d)
|ω(d)| ∈ MX0
is the motivic integral of the gauge form ω(d) onX∞(d), which was defined in [LS03,
Theorem-Definition 4.1.2]. It takes values in the localization MX0 with respect to
the class L of the affine line of the Grothendieck ring K0(VarX0) of varieties over
X0. This ring is as group generated by classes [V ] of separated schemes V of finite
type over X0, and whenever V is a closed subscheme of W , we ask [W ] to be equal
to the sum of [V ] and [V \W ]; the product is the fiber product over X0.
Assume now that X is a smooth irreducible algebraic variety of dimension m+1
over k, let f : X → A1k be a non-constant map, and assume that X∞ is actually
the completion of X along X0 := f
−1(0). Then using an explicit formula of the
volume Poincare´ series by means of an embedded resolution, it was shown in [NS07b,
Theorem 9.10] that
S(X∞,
ω
df
;T ) = L−mZ(f,LT ) ∈ MX0 [[T ]] .(1)
Here Z(f, T ) is Denef and Loeser’s motivic zeta function, see [DL01]. It is given by
Z(f ;T ) :=
∑
d>0
[Xd,1]L
(m+1)dT d ∈ MX0 [[T ]],
1
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where Xd,1 is the subscheme of the d-th jet scheme of X whose k-points are given
by
{ψ : Spec(k[[t]]/(td+1))→ X | f(ψ(t)) = td mod td+1}.
The motivic zeta function serves as a universal zeta function, because it specializes
to both the (twisted) topological zeta function and to Igusa’s p-adic zeta function
(with characters) for almost all p, see [DL98, Section 2.3 and 2.4]. For all these
zeta functions we can formulate a monodromy conjecture connecting the poles of
the zeta function with the eigenvalues of the monodromy action on the Milnor fiber
of f . There is some evidence that these conjectures hold, but in general they are
still open. For more information on the different zeta functions and monodromy
conjectures we refer to [Nic10]. Apart from the connection with the other zeta
function, the motivic zeta function also provides fine invariants of hypersurface
singularities, see for example [DL01, Section 4.4].
Now observe that µˆ, the profinite group of roots of unity, acts, assuming that k
contains all roots of unity, on Xd,1 by multiplication with a primitive d-th root of
unity. Hence in fact we have
Z(f, T ) ∈MµˆX0 [[T ]],
where MµˆX0 is the localization with respect to the class L of the affine line of the
µˆ-equivariant Grothendieck ring K µˆ0 (VarX0) over X0, the profinite limit of the µd-
equivariant Grothendieck rings Kµd0 (VarX0). Those rings are generated by classes
[V ] of X0-varieties V with a good action of the group of d-th roots of unity µd. Here
an action on V is called good if every orbit of the action lies in an affine subscheme
of V . We ask that [V ] + [W \ V ] = [W ] whenever V →֒ W is a µd-equivariant
closed immersion, and that the class of an affine bundles with affine µd-action only
depends on its rank and base. The product is given by the fiber product with
induced µd-action.
This means that using the volume Poincare´ series, we do not recover the motivic
zeta function completely, but we lose the information of this group action, which
one needs in fact for the specialization to the topological and p-adic zeta function.
Moreover, this µˆ-action is closely related to monodromy, which is in particular very
important with respect to the monodromy conjecture, see [Nic10, Section 5.4].
The content of this paper is the construction of an equivariant version of the
motivic Poincare´ series with values in MµˆX0 [[T ]] instead of MX0 [[T ]]. We also show
that with this construction we can recover the motivic zeta function including the
µˆ-action, i.e. that Equation (1) actually holds in MµˆX0 [[T ]].
In the first part of the paper, up to Section 4, we establish a theory of motivic
integration of formal schemes taking values in an equivariant Grothendieck ring.
To do so, we fix a smooth sftf formal scheme X∞ of relative dimension m over a
complete discrete valuation ring R with perfect residue field k, and a finite group G
with a good action on X∞, which is compatible with a nice G-action on R, i.e. an
action on R with trivial induced action on k.
For motivic integration on formal schemes, one measures subsets A of the Green-
berg scheme Gr(X∞) of X∞, which replaces the arc space in the world of formal
schemes, see Section 3.1. As the arc space comes along with n-th jet schemes, there
are n-th Greenberg scheme Grn(X∞) for all n ∈ N, together with truncation maps
θn : Gr(X∞)→ Grn(X∞) and θ
n
m : Grn(X∞)→ Grm(X∞) for n ≥ m. As Gr(X∞)
is not of finite type, one uses the finite type schemes Grn(X∞) to define measures
in the Grothendieck ring.
To get elements in an equivariant Grothendieck ring, we need to deduce from
the G-action on X∞ a good G-action on Gr(X∞) and Grn(X∞) such that the
truncation maps are G-invariant, which we do in Section 3.2. In particular we ask
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the action on Gr0(X∞) = X0 to agree with the action induced by the givenG-action
on X∞. Analogously to [LS03, Proposition-Definition 3.6.1], we then define a G-
stable cylinder A of degree n to be the inverse image of a G-invariant constructable
subscheme C of Grn(X∞), and we set its measure to be
µG(A) := [C]L−nm ∈ MGX0 ,
see Definition 4.8 and Definition 4.10. As a G-stable cylinder A of degree n is also
a G-stable cylinder of degree m for m ≥ n, we ask in addition that for m ≥ n
the truncation map θmm+1 : θm+1(A)→ θm(A) is piecewisely a G-equivarinat affine
bundle of rank m with affine G-action, which implies using the second relation in
the equivariant Grothendieck ring that the measure of A is well defined. We show
that this assumption is automatic in the case that X∞ is smooth: already in the
non-equivariant case, it was shown that Grn+1(X∞) is an affine bundle of rank
m over Grn(X∞). We can show in addition that the action on this affine bundle
is affine over the action on the base, see Proposition 3.12. To do so, we use a
description of Grn+1(X∞) in terms of derivations over elements in Grn(X∞), and
an explicit G-action on these derivations.
Similarly to the non-equivariant case, we call a function α : Gr(X∞) → Z with
finite image naively G-integrable if all fibers are G-stable cylinders, and set∫
X∞
L−α :=
∑
i∈Z
µG(α−1(i))L−i ∈ MGX0 .
To be able to compute such an integral, we need in particular a way to change
variables. Hence assume that we have another smooth formal R-scheme Y∞ with
the same properties as X∞, and a G-equivariant R-morphism h : Y∞ → X∞
such that the map Yη → Xη on the generic fibers is an open immersion, and
Yη(K
′)→ Xη(K ′) is a bijection for all unramified extensions K ′ of K, where K
denotes the fraction field of R. For this setup, we can show the following theorem:
Theorem (Change of variables formula, Theorem 4.18). Assume that G is abelian
and acts tamely on R, i.e. |G| is prime to the characteristic of the residue field k
of R, and that R has equal characteristic and k contains all roots of unity. Then∫
X∞
L−αdµGX0 =
∫
Y∞
L−(α◦h+ord(Jach))dµGX0 ∈M
G
X0 .
Here ord(Jach) is the order of the Jacobian, which measures the relative sheave of
differentials of h, see Definition 3.14. This theorem also holds in the non-equivariant
case, see [Seb04, The´ore`me 7.3.3].
To show the change of variables formula, we need to compare Grn(Y∞) and
Grn(X∞) in the equivariant Grothendieck ring. Note that h induces a map Grn(h)
between these two rings, which we study in Section 3.4. We can show that if n
is big enough, the reduced subscheme of the inverse image under Grn(h) of every
point xn in Grn(X∞) is an Gx-equivariant affine bundle of rank depending on the
order of the Jacobian with affine Gx-action, where Gx denotes the stabilizer of
xn, see Proposition 3.16. Using some spreading out argument in Lemma 4.7, we
can compute from this Grn(Y∞) in terms of Grn(X∞) in MGX0 , which implies the
change of variables formula.
Note that while we can define G-integrable functions and describe the truncation
map for general R and G, we can proof Proposition 3.16 and hence the change of
variables formula only in the case that R has equal characteristic and G is abelian
and acts tamely on R. This is in particular due to the fact that we use a concrete
description of the action on R, which we do not get in the non-abelian or wild case.
Moreover, in the case of mixed characteristic, one gets problems with non-separable
extensions already in the non-equivariant case, see [NS11a, Section 2.4].
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Based on the developed theory of equivariant motivic integration, we generalize in
the second part of this paper the definitions of the integral of a gauge form and the
volume Poincare´ series, from which we finally deduce Denef and Loeser’s motivic
zeta function including the µˆ-action.
Let R be a complete discrete valuation ring of equal characteristic with residue
field k containing all roots of unity and a nice tame action of a finite abelian group
G. Let X∞ be a sftf formal R-scheme with a good G-action compatible with the
G-action on R, generically smooth but not necessarily smooth, with a gauge form
ω on its generic fiber Xη. As in the non-equivariant case, we associate a function
ord(ω) : Gr(X∞)→ N to this gauge form, see Definition 6.1.
In order to integrate ord(ω), we need a smooth scheme to integrate over. Here
we use, as in the non-equivariant case, a weak Ne´ron model U∞ of Xη, i.e. U∞
is a smooth formal sftf scheme, whose generic fiber is an open rigid subspace of
the generic fiber of X∞, and the induced map U∞(R
′) → X∞(K ′) is a bijection
for every unramified extension R′ of R with quotient field K ′, see Definition 5.1.
More precisely, we show in Theorem 5.4 that, under our assumptions, there exists
always a G-equivariant Ne´ron smoothening f : U∞ → X∞ of X∞, meaning that
U∞ is a weak Ne´ron model of Xη with an action of G, and there is a G-equivariant
isomorphism h : X ′∞ → X∞ inducing an isomorphism on the generic fibers, such
that f factors through an open G-equivariant immersion U∞ →֒ X
′
∞. Using such a
smoothening f : U∞ → X∞, we define in Section 6.2∫
X∞
|ω| :=
∫
U∞
L
− ord(f∗ω)
X0
dµX0 ∈M
G
X0 .
As a weak Ne´ron smoothening is not unique, we need to show that this is well
defined, for which we use the change of variables formula, Theorem 4.18.
Using a G-equivariant Ne´ron smoothening of X∞, we also define the equivariant
motivic Serre invariant of X∞ to be the class of the special fiber of such a weak
Ne´ron model in KG0 (VarX0)/(L − 1), see Section 6.3. This generalizes the Serre
invariant, see [NS07a, Definition 6.2], which is closely connected to the existence of
rational points. Some concrete applications of the motivic Serre invariant can be
found for example in [EN11].
Now we can look at a sftf formal R-scheme X∞, which is generically smooth.
We now assume that R has equal characteristic zero. Note that µd, the group of
d-th roots of unity, acts on R(d) and hence on X∞(d). Let µˆ be again the profinite
limit of the µd, hence we can define the equivariant volume Poincare´ series by
S(X,ω;T ) :=
∑
d>0
(
∫
X∞(d)
|ω(d)|)T d ∈MµˆX0 [[T ]],
see Definition 6.7. Similarly, one can define the equivariant Serre Poincare´ series
by summing over the equivariant Serre invariants of the X∞(d).
To compute these series, we need a concrete µd-equivariant Ne´ron smoothening
of U∞(d) → X∞(d) for all d. The induced action on the special fiber of U∞(d)
agrees then with the action on Gr0(U∞(d)), and can be used to compute the corre-
sponding integral. To get the desired smoothening we fix an embedded resolution
of singularities h : X ′∞ → X∞, i.e. a morphism of sftf formal schemes inducing
an isomorphism on the generic fibers, such that X ′∞ is regular, and its special fiber
is a simple normal crossing divisor
∑
i∈I NiEi. Let X˜
′
∞(d) be the normalization of
X∞ ×R R(d) with induced µd-action. In Theorem 5.10 we show that the induced
map U∞(d) := Sm(X˜ ′∞(d)) → X∞(d) is a µd-equivarinat Ne´ron smoothening if
d is not X ′0-linear, see Definition 5.9. Using this Ne´ron smoothening, some local
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computations in Theorem 5.10, and Lemma 5.11 to get rid of the X ′0-linearity, we
can show the following formula, which was shown in [NS07b] without µˆ-action:
Theorem (Theorem 6.10).
S(X∞, ω;T ) = L
−m
∑
∅6=J⊂I
(L− 1)|J|−1[E˜oJ ]
∏
i∈J
L−µiTNi
1− L−µiTNi
∈MµˆX0 [[T ]] .
Here we use the following notation: for any subset J ⊂ I, EoJ :=
⋂
j∈J Ej \
⋃
i∈I\J Ei,
and mJ := gcd{Ni | i ∈ J}. For each non-empty subset J ⊂ I, we can cover
EoJ ⊂ X∞ by finitely many affine open formal subschemes U∞ = Spf(V ) of X∞,
such that on U∞, t = u
∏
i∈J x
Ni
i , with t a uniformizing parameter of R and u a
unit in V , and the xi are local coordinates. The restrictions over E
o
J of the e´tale
covers U ′∞ := Spf(V {T }/(uT
mJ − 1)) of U∞ glue together to an e´tale cover E˜oJ of
EoJ , on which µˆ acts by multiplying T with a mJ -th root of unity on every chart.
Using a similar formula for Denef and Loeser’s motivic zeta function Z(f ;T ), we
can deduce from this formula the following theorem:
Theorem (Theorem 7.4). Let X be a smooth irreducible variety of dimension m+1
over a field k containing all roots of unity, let f : X → A1k be a dominant morphism,
and let X∞ be the completion of X along the special fiber X0 := f
−1(0). Assume
that there exists a global gauge form ω on the generic fiber of X∞. Then
S(X∞,
ω
df
;T ) = L−mZ(f ;LT ) ∈MµˆX0 [[T ]] .
Hence we finally recover the motivic zeta function with µˆ-action from the equi-
variant volume Poincare´ series. This implies in particular that if we want to show
something about the motivic zeta function, for example the motivic monodromy
conjecture, we can also prove it for the equivariant volume Poincare´ series.
Without µˆ-action, the corresponding monodromy conjecture for the volume
Poincare´ series was proven in the case of Abelian varieties, see [HN11, Theorem 8.5].
As already remarked in [HN11, Section 2.5], the non-equivariant version of the con-
jecture does not imply Denef and Loeser’s conjecture completely, because one still
misses the µˆ-action. Hence it would be very nice to generalize their proof to the
equivariant volume Poincare´ series.
Finally, in Section 7.4, we can also recover from the equivariant volume Poincare´
series the motivic nearby cycles Sf , which are defined by formally taking the limit of
−Z(f, T ) for T to∞. This invariant was defined in [DL01] and investigated further
for example in [Bit05]. Here we do not need to assume the existence of a global
gauge form on X∞, see Definition 7.6. In fact we can also define an equivariant
motivic volume SX∞ for all formal k[[t]]-schemes X∞, which agrees with Sf in the
case that X∞ comes from a map f : X → A1k. Using Theorem 4.18 we get a
formula for SX∞ in terms of an embedded resolution of X∞, from which, together
with a result from [Har15b] on the existence of a quotient map on the equivariant
Grothendieck ring of varieties, the following corollary follows:
Corollary (Corollary 7.8). Let X∞ be a sftf formal scheme of relative dimension
m over R with smooth generic fiber. Then the class of X ′0 modulo L in MX0 does
not depend on the choice of an embedded resolution h : X ′∞ → X∞.
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2. Preliminaries
2.1. Complete discrete valuation rings. Throughout this article, R always de-
notes a complete discrete valuation ring, with residue field k, and quotient field
K. In order to avoid problems in positive characteristics, we assume that k is al-
ways perfect. We fix a uniformizing parameter t, i.e. a generator for the maximal
ideal of R. Moreover, if R has equal characteristic, we fix a k-algebra structure
µ : k → R; this yields an isomorphism R ∼= k[[t]]. For any integer n ≥ 0, we put
Rn := R/(t
n+1).
For any integer d > 0 prime to p, we put K(d) := K[t(d)]/(t(d)d − t). This is a
totally ramified extension of degree d ofK. Note that if k is not algebraically closed,
such an extension is not necessarily unique. We denote by R(d) the normalization
R[t(d)]/(t(d)d − t) of R in K(d), and for each n > 0, we embed R(d) in R(nd) by
putting t(d) = t(nd)n.
2.2. Formal schemes and rigid varieties. An stft formal R-scheme X∞ is a
separated formal scheme, topologically of finite type overR. We denote the category
of stft formal R-schemes by (stft/R). For every X∞ ∈ (stft/R), we denote its
special fiber byX0, and its generic fiber (in the category of separated quasi-compact
rigid K-varieties) by Xη. For any integer n ≥ 0, we put Xn := X∞ ×R Rn, which
is a separated Rn-scheme of finite type.
We say that X∞ is generically smooth, if Xη is a smooth rigid K-variety. We
denote by Sm(X∞) the smooth part of X∞ over R.
2.3. Group actions. Fix a finite group G. We say that a left action of G on a
scheme S is good if every orbit of this action is contained in an affine open subscheme
of S. By [Gro63, Expose´ V, Proposition 1.8] this is the same as requiring a cover
of U by affine, open, G-invariant subschemes. By requiring the action to be good,
one makes sure that the quotient exists in the category of schemes, see [Gro63,
Expose´ V.1]. If not mentioned otherwise, all group actions on schemes will be left
actions.
For a given separated scheme S with a good G-action, we denote by (SchS,G)
the category whose objects are separated schemes of finite type over S with a
good G-action such that the structure map is G-equivariant, and whose morphisms
are G-equivariant morphisms of S-schemes. One can check that the fiber product
exists in this category by constructing a good G-action on the fiber product in the
category of separated schemes of finite type.
Let R be a complete discrete valuation ring as in Section 2.1. A nice action of
G on R is a right action of G on R, such that the induced action on the residue
field k is trivial. In the case of equal characteristic we also assume that G respects
the chosen k-algebra structure. We say that G acts nicely on R. Note that a nice
G-action on R induces a unique G-action on Rn for all n > 0, with the property
that the quotient maps R→ Rn and Rn → Rm for n ≥ m > 0 are G-equivariant.
We call a G-action on R tame if the characteristic of the residue field k is prime
to the order of G, and wild otherwise.
Example 2.1. Let R be a complete discrete valuation ring, and consider R(d), a
finite totally ramified extension of R of degree d, with quotient field K(d). Then
G := Gal(K(d)/K) acts on R(d), and because the extension is totally ramified the
induced action on the residue field k of R(d) is trivial.
Assume R has equal characteristic with residue field k containing all roots of
unity, and that d is prime to the characteristic p of k. Then we have that R ∼= k[[t]],
R(d) ∼= R[[t(d)]] with t(d)d = t, and the action of G = Gal(K(d)/K) ∼= µd, where
µd is the group of d-th roots of unity, on R(d) is given by sending t(d) to ξt(d) for
all ξ ∈ µd.
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A good G-action on a formal scheme X∞ is a left action of G on X∞, such that
any orbit is contained in an affine open formal subscheme of X∞. If not mentioned
otherwise, all actions on formal schemes will be left actions.
For a given complete discrete valuation ring R with a nice G-action, we denote
by (stft/R,G) the category of flat, stft formal R-schemes X∞, endowed with a
good G-action compatible with the G-action on R, i.e. the structure morphism
X∞ → Spf R is G-equivariant. Morphisms are G-equivariant morphisms of formal
R-schemes. Note that such a G-action on a formal scheme X∞ induces a G-action
on the Rn-scheme Xn = X∞ ×R Rn with G-equivariant structure map. Moreover,
for all n ≥ m ≥ 0 the restriction maps Xm → Xn are G-equivariant.
Example 2.2. Consider R(d) with the nice G-action as in Example 2.1. Let X∞
be a stft formal R-scheme, and put X∞(d) := X∞ ×R R(d). Using the universal
property of the fiber product, the nice G-action on R(d) induces a good G-action
on X∞(d) such that the structural morphism X∞(d)→ Spf R(d) is G-equivariant.
Hence in particular X∞(d) ∈ (stft/R(d), G).
3. Greenberg schemes with group actions
Throughout this section, let G be an abstract finite group, and let R be a complete
discrete valuation ring with perfect residue field k, endowed with a nice G-action.
3.1. The Greenberg scheme of a formal scheme. In this subsection we give a
short summary of the construction of the Greenberg scheme of a formal scheme, and
fix notations. We do this in consideration of the nice group action on R. Details,
proofs, and more references can be found for example in [NS11b, Chapter 2.2].
3.1.1. The ring scheme Rn. Let n ∈ N. If R has equal characteristic, set
Rn : (k − alg)→ (rings); A 7→ A⊗k Rn.
If R has mixed characteristic, then let Rn be the sheafification in the fpqc-topology
of the functor
R˜n : (k − alg)→ (rings); A 7→W (A)⊗W (k) Rn,
where W (A) is the ring of Witt vectors with coefficient in A. In both cases, Rn is
represented by a ring scheme. We also denote this scheme by Rn.
Note that the quotient maps qnm : Rn → Rm induce maps of functors by sending
f ∈ Rn(A) to (id⊗ qnm) ◦ f , and thus of schemes Rn → Rm for all n ≥ m ≥ 0.
We define R to be the k-scheme representing the limit of the projective system
(Rn)n∈N.
Remark 3.1. Every automorphism gRn of Rn inducing the identity on k gives rise
to a morphism of the functor Rn by sending f ∈ Rn(A) to (id ⊗ gRn) ◦ f , and
hence we get an automorphism of the scheme Rn. Thus the right G-action on Rn
induced by the right G-action on R gives us naturally a right G-action on Rn. As
for all n ≥ m ≥ 0 the quotient maps qnm : Rn → Rm are G-equivariant, the same
holds by construction for the induced maps Rn →Rm.
3.1.2. The ideal schemes Jmn . In the proofs in Section 3.3 and Section 3.4, we
will need to consider ideal schemes, which can be found for example in [CLNS16,
Chapter 4, 2.3.1]: define for all m ≥ n ≥ 0 the functor
Jmn : (k − alg)→ (Sets); A→ ker(Rm(A)→Rn(A)).
It is representable by a closed subscheme of Rm, which we call the ideal scheme
Jmn . If n ≤ m ≤ 2n + 1, the square of J
m
n in Rm is zero, hence we can view J
m
n
as a module over Rn.
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In the case of equal characteristic, for every choice of an uniformizer t ∈ R we
have that for every k-algebra A
Jmn (A) = {an+1t
n+1 + · · ·+ amt
m | ai ∈ A}.(2)
Hence we get a functorial bijection i(A) : Jmn (A) → A
m−n by sending an element
of the form an+1t
n+1 + · · ·+ amtm to (an+1, . . . , am) ∈ Am−n.
Remark 3.2. Note that the G-action on Rm constructed in Remark 3.1 restricts
to Jmn , because the map Rm →Rn is G-equivariant.
Let A be a k-algebra. Take any g ∈ G, and denote by gm ∈ Aut(Jmn (A)) and
gn ∈ Aut(Rn(A)) the corresponding automorphisms. As both the G-action on Jmn
and Rn come from the same G-action on R, the action on Jmn (A) is compatible
with the Rn(A)-module structure, which we have in the case of n ≤ m ≤ 2n+ 1,
i.e. for all r ∈ Rn(A) and x ∈ Jmn (A) we have gm(rx) = gn(r)gm(x).
Example 3.3. Assume that R has equal characteristic and k contains all roots of
unity. As G acts nicely on R, G acts trivially on the chosen lifting of k. Using
this lifting of k we get an A-module structure on Jmn (A) with the property that
for all a ∈ A and x ∈ Jmn (A) we have gm(ax) = agm(x). Assume now in addition
that G acts tamely on R. Then after maybe changing the uniformizer t of R,
we may assume that g ∈ G acts on Jmn (A), which is given as in (2), by sending
an+1t
n+1 + · · ·+ amtm to an+1ξn+1tn+1 + · · · + amξmtm, where ξ ∈ k is a |g|-th
root of unity. If G is abelian, we can chose a t not depending on g.
Now introduce the notation Jn for J n+1n , which has a canonical structure as a vector
space. Let m ⊂ R be the maximal ideal, and denote by V the one dimensional k-
vector space m/m2. Set V (i) := V ⊗i for i ≥ 0, and for i < 0 set V (i) := V (−i)∗,
the dual of V (−i). Let A be again a k-algebra. Then, as explained in [CLNS16,
Chapter 4, 2.3.1], the map
Ψeq : V (n+ 1)⊗A→ Jn(A); v0 ⊗ · · · ⊗ vn ⊗ a 7→ v0 . . . vna
in the case of equal characteristic, and
Ψmix : V (β)⊗
pαA→ Jn(A); v0 ⊗ · · · ⊗ vn ⊗ a 7→ v0 . . . vn(0, . . . , 0, a)
in the case of mixed characteristic (0, p) of absolute ramification index e ≥ 0, are
isomorphism of A-modules. In the case of mixed characteristic, α is the integer,
such that Rn+1 has characteristic p
α, β is the remainder of the Euclidean division
of n+ 1 by e, and (0, . . . , 0, a) ∈W (A) is the (α − 1)-th Verschiebung of a.
Remark 3.4. Note that the G-action on R1 = R/m
2 restricts to V , because
automorphisms map maximal ideals to maximal ideals. As the action of G on R is
nice, and hence the induced action on the residue field k is trivial, the action on V
is given by multiplication with an element ξg ∈ k for every g ∈ G. For i ≥ 0, let
G act on V (i) by acting on the factors separately. It follows in particular that the
automorphisms of V (i) defining the action of G are linear maps.
It is easy to see that Ψeq and Ψmix are in fact G-invariant, for the considered
G-action on Jn and on V (i) and the trivial action on A and on p
α
A, respectively.
For i ≤ 0, we associate for every g ∈ G the dual g∗V of the corresponding
automorphism gV of V (−i), i.e. f ∈ V (i) = V
∗(−i) gets send to f ◦ gV . With
this actions the canonical map V (i) ⊗ V (−i) → k sending (f, v) to f(v) ∈ k is
G-equivariant, if we equip k with the trivial action of G.
3.1.3. The Greenberg scheme.
Definition 3.5. Let Xn be an Rn-scheme of finite type. By [Gre61] the functor
(k − alg)→ (Sets); A 7→ HomRn(Spec(Rn(A)), Xn) = Xn(Rn(A))
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is representable by a k-scheme of finite type. We call this scheme the n-th Greenberg
scheme Grn(Xn) of Xn. If X∞ is a stft formal R-scheme, we put for each n ≥ 0
Grn(X∞) := Grn(Xn), with Xn = X∞ ×R Rn.
For any pair of integers n ≥ m ≥ 0, and any Rn-scheme of finite type Xn, the
morphisms Rn(A) → Rm(A) for all k-algebras A induce a canonical morphism of
k-schemes
θnm : Grn(X∞)→ Grm(X∞).
As explained in [NS11b, Chapter 2.2], this morphism is affine. Hence we can take
the projective limit in the category of k-schemes.
Definition 3.6. Let X∞ be a stft formal R-scheme. Then
Gr(X∞) := lim
←−
n
Grn(X∞)
is called the Greenberg scheme of X∞.
For all n ≥ 0, Gr(X∞) is endowed with natural truncation maps
θn : Gr(X∞)→ Grn(X∞).
Let h : Y∞ → X∞ be a morphism of formal schemes, i.e. we have compatible
morphisms hn : Yn → Xn for all n ∈ N. The hn induce maps
Grn(h) : Grn(Y∞)→ Grn(X∞),
which are, on the level of functors, given by sending a map γ : Spec(Rn(A))→ Yn
to hn ◦ γ : Spec(Rn(A))→ Xn for all k-algebras A. By construction, these maps
are compatible with the truncation maps, so we also get a map
Gr(h) : Gr(Y∞)→ Gr(X∞),
and the following diagram commutes:
(3) Gr(Y∞)
θn
//
Gr(h)

Grn(Y∞)
θnm
//
Grn(h)

Grm(Y∞)
Grm(h)

Gr(X∞)
θn
// Grn(X∞)
θnm
// Grm(X∞)
Note that θn and θ
n
m depend on Y∞ and X∞, respectively. To keep the notation
simple we do not indicate this dependence. If it is clear from the context which
map we mean, we will write h instead of Gr(h) or Grn(h).
Remark 3.7. Note that every point x ∈ Gr(X∞) with residue field F corresponds
to a section ψ ∈ X∞(R(F )). If R has equal characteristic, then it is easy to see that
R(F ) is a complete discrete valuation ring with residue field F and ramification
index one over R.
Remark 3.8. Let Y be a k-scheme, and consider hn(Y ) := (|Y |,Homk(Y,Rn)),
the locally ringed space with underlying topological space |Y | and structure sheaf
Homk(Y,Rn). If Y = Spec(A) is affine, hn(Y ) is isomorphic to the affine scheme
Spec(Rn(A)). With this notation we have for all formal sftf schemes X∞ over R
and all n ∈ N that
Grn(X∞)(Y ) = Homk(Y,Grn(X∞)) = HomRn(hn(Y ), Xn).
Some more information on hn(Y ) can be found for example in [Seb04, Section 3.1].
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3.2. Construction of the group action. The aim of this subsection is to con-
struct a G-action on the Greenberg scheme of a stft formal R-scheme with G-action,
such that the maps in Diagram (3) are G-equivariant. Note that the following con-
struction was already done in the case of Example 2.2 in [NS08, 6.1.2]; here we
show how this result extends in a more general setting.
Proposition 3.9. For every X∞ ∈ (stft/R,G), there are good actions of G on the
k-schemes Grn(X∞) for every integer n ≥ 0, and on Gr(X∞), such that the action
on Gr0(X∞) ∼= X0 coincides with the G-action induced by the action on X∞, and
such that for n ≥ m ≥ 0, the truncation maps
θnm : Grn(X∞)→ Grm(X∞) and θn : Gr(X∞)→ Grn(X∞)
are G-equivariant. Moreover, if h : Y∞ → X∞ is a morphism in (stft/R,G), then
the induced maps Grn(h) and Gr(h) are G-equivariant, too.
Proof. Note that it suffices to construct the action of G on Grn(X∞) for any integer
n ≥ 0, and to show that the truncation maps θmn are equivariant for any n ≥ m ≥ 0.
The action on Gr(X∞) is then obtained by passing to the projective limit n→∞,
and the θn are G-equivariant by construction.
Take any k-algebra A. By Remark 3.1 there is a right G-action on Rn(A)
which is compatible with the G-action on Rn. Hence we get a left G-action on
Spec(Rn(A)) such that the structure map to Spec(Rn) is G-invariant. Fix a g ∈ G.
Let gRn(A) ∈ Aut(Spec(Rn(A))) be the corresponding automorphism. Consider
the G-action on Xn induced by the G-action on X∞, and let gXn ∈ Aut(Xn) be
the automorphism corresponding to g. We define a map
gF :HomRn(Spec(Rn(A)), Xn)=Grn(X∞)(Spec(A))→ HomRn(Spec(Rn(A)), Xn);
f 7→ gXn ◦ f ◦ g
−1
Rn(A)
.
Here gXn ◦f ◦g
−1
Rn(A)
is an Rn-morphism, because the structure map of the two Rn-
schemes Spec(Rn(A)) and Xn are G-equivariant. Hence gF is well defined. For ev-
ery morphism of k-algebrasA′ → A the induced map Spec(Rn(A))→ Spec(Rn(A′))
is G-equivariant, so gF yields a natural transformation of the functor
F : (Sch/k)opp → (Sets); Y 7→ Grn(X∞)(Y ).
Here we use that F is a sheaf in the Zariski topoogy and hence it suffices to give
maps on affine schemes Y = Spec(A). By Joneda’s lemma we get an automorphism
of the k-scheme Grn(X∞). Doing the same construction for every g ∈ G we obtain
a group action of G on Grn(X∞).
Note that for n = 0, the action on R0(A) = A is trivial for all k-algebras A,
and hence the action on Gr0(X∞) ∼= X0 is just the action on X0 induced by the
action on X∞. For any pair of integers m ≥ n ≥ 0, the truncation morphism θmn
is equivariant, since for any k-algebra A the natural morphism Rm(A)→Rn(A) is
equivariant, see Remark 3.1, and the same holds for Xm → Xn by construction of
the group action.
As the maps θnm are affine and G-equivariant, a cover of X0 by affine G-invariant
open subsets gives rise to a similar cover of Grn(X∞) and Gr(X∞), thus a good
G-action on X∞ induces good G-actions on the Greenberg schemes.
Now take a G-equivariant morphism of formal schemes h : Y∞ → X∞. Then for
every affine k-scheme Y = Spec(A), f ∈ Grn(Y∞)(Y ) = HomRn(Spec(Rn(A)), Y∞)
and g ∈ G we have that hn ◦ (gYn ◦ f ◦ g
−1
Rn(A)
) = gXn ◦ (hn ◦ f) ◦ g
−1
Rn(A)
, because h
is G-equivariant. Hence the Grn(h) are G-equivariant, too. Taking the limit gives
us the same result for Gr(h). 
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Remark 3.10. Let x be a point of Gr(X∞) corresponding canonically to an un-
ramified extension R′ of R, and a section ψ in X∞(R
′), see Remark 3.7. Since
the residual action of G on k is trivial, the G-action on R extends canonically to a
G-action on R′ which induces the trivial action on the residue field. For any g ∈ G,
let gR′ ∈ Aut(Spf(R′)) and gX∞ ∈ Aut(X∞) be the corresponding automorphisms.
Then g maps x to the point corresponding to the section gX∞ ◦ψ ◦ g
−1
R′ ∈ X∞(R
′).
3.3. The structure of the truncation maps. The aim of this subsection is
to study the truncation maps on the Greenberg scheme under consideration of
the G-action constructed in the previous subsection. All considered G-actions on
Greenberg schemes are those constructed in Proposition 3.9.
Definition 3.11. Let B be an S-scheme. An affine bundle over B of rank d is a B-
scheme V with a vector bundle E → B of rank d and a B-morphism ϕ : E×BV → V
such that ϕ × pV : E ×B V → V ×B V , where pV denotes the projection to V , is
an isomorphism of B-schemes. We call E the translation space of V .
An affine bundle V over B is called G-equivariant, if V and B are in (SchS,G),
and V → B is G-equivariant. The G-action on V → B is called affine if there is
a G-action on E, linear over the action on B, such that ϕ is G-equivariant. An
action on E is linear over the action on B if for all g ∈ G the map g′ : E → g∗BE
induced by the following Cartesian diagram
E
gE
%%

g′
""❊
❊
❊
❊
g∗B(E)
//

E

B
gB
// B
is a morphism of vector bundles. Here gB ∈ Aut(B) and gE ∈ Aut(E) are the
automorphisms of B and E induced by g.
For a discussion of equivariant affine bundles with affine group action we refer to
[Har15b, Section 3]. We are now using the definition to describe the truncation
maps.
Proposition 3.12. Let X∞ ∈ (stft/R,G) be smooth of pure relative dimension m
over R. Then for every integer n ≥ 0, the truncation map
θn+1n : Grn+1(X∞)→ Grn(X∞)
is a G-equivariant affine bundle of rank m with affine G-action.
Proof. Locally on Grn(X∞), this proposition was shown in the non-equivariant case
for example in [NS11b, Proposition 2.10], using e´tale covers. In this proof we will
use a proof of the non-equivariant case from [CLNS16, Chapter 4, Theorem 2.4.4],
because there the translation space is constructed explicitly using derivations. We
will start explaining this construction, and then construct a G-action on the trans-
lation space and examine it. Note that all the steps in the prove which do not
correspond to the G-action are taken from [CLNS16, Chapter 4, Section 2], where
one can also find more explanations and proofs.
Construction of the affine bundle structure. Let γ : hn(Grn(X∞)) → X∞ be the
morphism corresponding to the identity morphism on Grn(X∞), see Remark 3.8.
Consider the sheave
(SchGrn(X∞))→ (Ab); (f : S → Grn(X∞)) 7→ HomOhn(S)(hn(f)
∗γ∗ΩX∞/R,Jn),
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and denote it by J nX∞ . Here hn(f) : hn(S) → hn(Gr(X∞)) is the morphism
induced by f : S → Gr(X∞), and Jn is the Rn-module defined in Section 3.1.2,
which becomes a sheaf of Ohn(S)-modules by tensoring it over Rn.
We will show later how this sheaf is represented by a vector bundle V nX∞ of
rank m. Now we will explain on the level of sheaves the construction of a map
ϕ : V nX∞ ×Grn(X∞) Grn+1(X∞)→ Grn+1(X∞), which makes Grn+1(X∞) an affine
bundle of rank m over Grn(X∞) with translation space V
n
X∞
, see [CLNS16, Chap-
ter 4, Theorem 2.4.4]. Note that it is sufficient to give maps on sheaves over
Grn(X∞) for affine Grn(X∞)-schemes only. Thus using that the truncation maps
are affine, we can without loss of generality replace X∞ by an open affine subspace
Spf(B). Note that we may assume that the action of G on X∞ restricts to Spf(B),
because the action on X∞ is good by assumption, and therefore X∞ is covered by
G-invariant affine open subspace.
Let S = Spec(A) be an affine point of Grn(X∞), which corresponds to an R-
morphism h : B →Rn(A). With this notation we have
J nX∞(S) = HomRn(A)(ΩB/R ⊗B,h Rn(A),Jn(A)).
Hence an element in J nX∞(S) corresponds to an R-derivation D of B with values
in the Rn(A)-module Jn(A) ⊂ Rn+1(A) over the morphism h : B → Rn(A). This
means by definition that for all r ∈ R ⊂ B we have that D(r) = 0, and for all
b1, b2 ∈ B we have
D(b1 + b2) = D(b1) +D(b2) and D(b1b2) = h(b1)D(b2) + h(b2)D(b1).
Recall furthermore that Grn+1(X∞)(S) = HomR(B,Rn+1(A)). The required maps
ϕ(S) : J nx∞(S)×Grn+1(X∞)(S)→ Grn+1(X∞)(S)
are given by sending (D,h′) to h′ +D.
Construction of the group action. Take any g ∈ G. Denote by gB the corresponding
automorphism of B, and let gn be the corresponding automorphism ofRn(A) for all
n ≥ 0. Denote by gn also the restriction of the G-action onRn(A) to Jn−1(A). Take
any derivation D ∈ J nX∞(S), and look at D˜ := g
−1
n+1 ◦D ◦ gB. For all r ∈ R we have
that D˜(r) = g−1n+1(D(gB(r))) = g
−1
n+1(0) = 0. This is due to the fact that gB(r) ∈ R,
because R→ B is G-equivariant. As g−1n+1 and gB are ringhomomorphisms, and D
is a derivation, and hence all are additive, D˜ is additive, too. Moreover we have for
b1, b2 ∈ B that
D˜(b1b2) = g
−1
n+1(h(gB(b1))D(gB(b2)) + h(gB(b2))D(gB(b1)))
= h˜(b1)D˜(b2) + h˜(b2)D˜(b1)
with h˜ := g−1n+1 ◦ h ◦ gB. So D˜ is a derivation over h˜. By Remark 3.2, we have that
h˜ = g−1n ◦ h ◦ gB. Note that the action on Grn(X∞) sends the Grn(X∞)-scheme
S = Spec(A) which corresponds to the morphism h : B →Rn(A) to the Grn(X∞)-
scheme corresponding to the morphism g−1n ◦ h ◦ gB = h˜. Hence D 7→ D˜ gives
rise to a well defined map from J nX∞(S) to J
n
X∞
(gGrn(S)), where gGrn denotes the
automorphism of Grn(X∞) corresponding to g ∈ G.
Doing the same for every affine scheme Y over Grn(X∞), we get a morphism
of the sheaf J nX∞ , and hence an automorphism of the scheme V
n
X∞
representing it,
over gGrn . Doing the same for every g ∈ G, we get a well defined G-action on V
n
X∞
over the G-action on Grn(X∞). As
g−1n+1 ◦ h
′ ◦ gB + g
−1
n+1 ◦D ◦ gB = g
−1
n+1 ◦ (h
′ +D) ◦ gB
for all g ∈ G, ϕ is G-equivariant with the considered G-actions.
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Description of the group action without derivations. Note now that for all g ∈ G the
ring homomorphism gB : B → B induces an additive map gΩ : ΩB/R → ΩB/R by
sending b′db to gB(b
′)d(gB(b)), with b, b
′ ∈ B. Here d : B → ΩB/R is the canonical
map, which is G-equivariant by construction. Let D be again a derivation of B with
image in Jn(A) over h, and D˜ = g
−1
n+1 ◦D ◦ gB. By the universal property of ΩB/R
there exists a unique morphism of B-modules f : ΩB/R → Jn(A) with f ◦ d = D,
and a unique morphism of B-modules f˜ : ΩB/R → Jn(A) with f˜ ◦ d = D˜. Note
that in the first case Jn(A) is a B-module via h, and in the second case via h˜. Set
f˜ ′ := g−1n+1 ◦ f ◦ gΩ, which is additive, and for all b ∈ B and ω ∈ ΩB/R
f˜ ′(bω) = g−1n+1 ◦ f(gB(b)gΩ(ω)) = g
−1
n+1((h ◦ gB)(b)(f ◦ gΩ)(ω)) = h˜(b)f˜
′(ω).
Hence f˜ ′ is a morphism of B-modules (via h˜). Moreover we have
f˜ ′ ◦ d = (g−1n+1 ◦ f ◦ gΩ) ◦ d = D˜.
As f˜ is unique with this properties, it follows that f˜ = g−1n+1 ◦ f ◦ gΩ. Let
gΩ ⊗ gn : ΩB/R ⊗B,h˜ Rn(A)→ ΩB/R ⊗B,h Rn(A)
be the map given by sending ω⊗B,h˜ a to gΩ(ω)⊗B,h gn(a). With this notation the
G-action on J nX∞ is given as follows:
HomRn(A)(ΩB/R ⊗B,h Rn(A),Jn(A))→ HomRn(A)(ΩB/R ⊗B,h˜ Rn(A),Jn(A));
f 7→ g−1n+1 ◦ f ◦ (gΩ ⊗ gn).
The vector bundle structure. We now explain the construction of the vector bundle
V nX∞ representing J
n
X∞
, see [CLNS16, Chapter 4, 2.4.3]. We do this under consid-
eration of the constructed group action. Therefore, we restrict ourselves again to
the case that X∞ = Spf(B) is affine, which implies that also Grn(X∞) = Spec(C)
and X0 = Spec(B0) are affine.
As theRn+1-module structure of Jn factors through the quotientR0, we actually
have for every affine Grn(X∞)-scheme S = Spec(A) with structure map f that
J nX∞(S) = HomOS(f
∗θn0
∗ΩX0/k,Jn) = HomA(ΩB0/k ⊗B0,h0 A,Jn(A)).
Here X0 = Spec(B0), and h0 : A→ B0 is the map corresponding to θn0 ◦ f . For all
g ∈ G, denote by gB also the restriction of gB to B0, and by gΩ also the restriction
of gΩ to ΩB0/k. After restricting all involved maps, the G-action on J
n
X∞
is given
by sending f ∈ J nX∞(S) to
g−1n+1 ◦ f ◦ (gΩ ⊗ id) ∈ J
n
X∞(gGrn(S)) = HomA(ΩB0/k ⊗B0,gB◦h0 A,Jn(A)).
Recall that by Remark 3.4, there is a G-equivariant isomorphism between the A-
modules Jn(A) and V (β) ⊗k FRA ∗(A). Here F
R
A is the identity if R has equal
characteristic, and some power depending on R of the absolute Frobenius on A if
R has mixed characteristic, and V (β) is a one-dimensional vector space. Moreover,
the G-action on V (β)⊗k FRA ∗(A) is given by automorphisms gV ⊗ id for all g ∈ G,
where gV a linear map on V (β). Using this G-equivariant isomorphism, we get that
J nX∞(S)
∼= HomA(ΩB0/k ⊗B0,h0 A, V (β)⊗k F
R
A ∗(A))
∼= HomA(V (−β)⊗k ΩB0/k ⊗B0,h0 A,F
R
A ∗(A)),
where V (−β) is the dual of V (β). We get from the first to the second line by using
the isomorphism l, which sends f with f(ω ⊗ a) = fV (ω ⊗ a) ⊗ fA(ω ⊗ a) to l(f)
with l(f)(v ⊗ ω ⊗ a) = v(fV (ω ⊗ a))fA(ω ⊗ a). Note that if the G-action on the
last is given by sending f˜ to f˜ ◦ (g∗V
−1 ⊗ gΩ ⊗ id), where g∗V is the dual morphism
of gV for all g ∈ G, then l is G-equivariant.
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To get rid of the Frobenius, we pull back both sides via FRA , and get that
J nX∞(S) = HomA(V (−β)⊗k Ω
R
X0/k
⊗B0,h0 A,A),
with ΩRX0/k := F
R
X0
∗
ΩX0/k = ΩX0/k ⊗B0,FRB0
B0. Denote by gΩ also the auto-
morphism of ΩRX0/k we get by pulling back gΩ via F
R
k . Using that by [Liu02,
Lemma 3.2.22.] the absolute Frobenius commutes with morphism of schemes over
Fp, it is also given by sending bω to gB(b)gΩ(ω). Recall that we assumed that
Grn(X∞) = Spec(C) for some C, and denote by τ : B0 → C the map induced by
θn0 , and by cA : C → A the map induced by f . For all g ∈ G, denote by gC the
automorphism of C induced by the G-action on Grn(X∞). With this notation, the
G-action on J nX∞ is given as follows:
JnX∞(S) =HomA(V (−β)⊗k Ω
R
B0/k
⊗B0,τ C ⊗C,cA A,A)
→ JnX∞(gGrn(S)) = HomA(V (−β)⊗k Ω
R
B0/k
⊗B0,τ C ⊗C,cA◦gC A,A);
f 7→ f ◦ (g∗V
−1 ⊗ gΩ ⊗ gC ⊗ id).
Note that we used that τ is actually G-equivariant.
As in [Gro61, Proposition 1.7.11], let V be the contravariant functor sending a
quasi-coherent OGrn(X∞)-module ξ to the affine Grn(X∞)-scheme Spec(Sym(ξ)),
where Sym(ξ) is the symmetric OGrn(X∞)-algebra, see [Gro61, 1.7.4]. Using this
notation we get that V nX∞ = V (V (−β)⊗k Ω
R
B0/k
⊗B0,τ C) represents J
n
X∞
. As X∞
is smooth of relative dimension m over R, ΩRB0/k is a locally free sheaf or rank m,
and hence the same holds for V (−β) ⊗k ΩRB0/k ⊗B0,τ C. Thus V
n
X∞
is a vector
bundle of rank m. Moreover, for every g ∈ G the automorphism of the scheme
V nX∞ is given by the automorphism g
∗
V
−1⊗gΩ⊗gC on the corresponding C-module
V (−β)⊗k ΩRX0/k ⊗B0,τ C.
The group action is affine. In order to check whether the considered action on V nX∞
is linear over the base, we tensor V nX∞ with Grn(X∞) over gGrn for every g ∈ G.
By [Gro61, Proposition 1.7.11] we have that
g∗Grn(V
n
X∞) = V
n
X∞ ×Grn(X∞) Grn(X∞) = V (V (−β)⊗ Ω
R
B0/k
⊗B0,τ C ⊗C,gC C)
= V (V (−β)⊗k Ω
R
X0/k
⊗B0,gB B0 ⊗B0,τ C).
Here we used again that τ isG-equivariant. The induced map g′ : V nX∞ → g
∗
Grn
(V nX∞),
see Definition 3.11, is given on the level of C-modules by the map g˜ defined by
g˜(v ⊗ ω ⊗ b⊗ c) = g∗V
−1(v)⊗ gΩ(ω)⊗ b⊗ c. We now want to show that g˜ is a mor-
phism of C-modules. Therefore it suffices to show that
g˜′ : V (−β)⊗k Ω
R
B0/k
⊗B0,gB B0 → V (−β)⊗k Ω
R
B0/k
⊗B0,id B0;
v ⊗ ω ⊗ b 7→ g∗V
−1(v) ⊗ gΩ(ω)⊗ b
is a morphism of B0-module. Let v0 ∈ V (−β) be a basis of this vector space. Hence
for every element v ∈ V (−β) there is a v¯ ∈ k such that v = v¯v0. Take now any
v1 = v¯1v0, v2 = v¯2v0 ∈ V (−β), ω1, ω2 ∈ ΩRB0/k, and b1, b2 ∈ B0. Then we have
g˜′(v1 ⊗k ω1 ⊗B0,gB b1 + v2 ⊗k ω2 ⊗B0,gB b2)
= g˜′(v0 ⊗k (v¯1g
−1
B (b1)ω1 + v¯2g
−1
B (b2)ω2)⊗B0,gB 1)
= g∗v
−1(v0)⊗k gΩ(v¯1g
−1
B (b1)ω1 + v¯2g
−1
B (b2)ω2)⊗B0,id 1
= g∗v
−1(v0)⊗k (v¯1b1gΩ(ω1) + v¯2b2gΩ(ω2))⊗B0,id 1
= g˜′(v1 ⊗k ω1 ⊗B0,gB b1) + g¯
′(v2 ⊗k ω2 ⊗B0,gB b2).
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Hence g˜′ is additive. It is clear that g˜′ is multiplicative in B0, hence it is a morphism
of B0-modules, and thus g˜ is a morphism of C-modules. Note that by [Gro61,
1.7.14] a morphism of C-modules ξ → ξ′, corresponds to a morphism of C-algebras
Sym(ξ)→ Sym(ξ′). This implies that the corresponding maps of schemes between
V (ξ) = Spec(Sym(ξ)) and V (ξ′) is a morphism of vector bundles. To show this,
one uses the construction of the vector bundle structure given in [Gro61, 1.7.10].
Thus g˜ corresponds to a morphism of vector bundle, and hence the action on V nX∞
is linear over that on Grn(X∞). Hence altogether Grn+1(X∞) is an affine bundle
over Grn(X∞) with translation space V
n
X∞
and affine G-action.

3.4. Greenberg schemes and equivariant morphisms of formal schemes.
Throughout this subsection, assume that R has equal characteristic. Moreover,
fix a morphism h : Y∞ → X∞ of flat stft formal R-schemes, both of pure relative
dimension m over R.
The aim of this section is to examine the induced map Grn(h) on the corre-
sponding Greenberg schemes with respect to the induced G-action constructed in
Proposition 3.9. Before we can state the main result, we first need to introduce
the order of the Jacobian of h, as defined for example in [CLNS16, Chapter 4,
Definition 3.1.2].
Definition 3.13. We define the Jacobian ideal Jach ⊂ OY∞ as the 0-th fitting
ideal of the sheaf of relative differential forms ΩY∞/X∞ . If X∞ and Y∞ are smooth
over R, Jach is generated by the determinant of the map
h∗ΩX∞/R → ΩY∞/R.
This holds, because if X∞ and Y∞ are both smooth over R, then the modules of
differentials are free of rank d, hence the map above defines a free resolution of
ΩY∞/X∞ . For the general definition of fitting ideals we refer to [Eis95, Corollary-
Definition 20.4]
Definition 3.14. Let y ∈ Gr(Y∞) be any point with residue field F , and let
ψ be the corresponding element in Y∞(R
′), R′ := R(F ), which is a complete
discrete valuation ring with residue field F and ramification index one over R,
see Remark 3.7. Denote by ξ : R′ → N ∪ {∞} the valuation map, and let ψ(0) be
the image of the unique point of Spf(R). Then ord(Jach), the order of the Jacobian
of h, is the function sending a point y ∈ Gr(Y∞) to
ord(Jach)(y) = min{ξ(ψ
∗(f)) | f ∈ (Jach)ψ(0)}.
Remark 3.15. Assume that X∞ and Y∞ are smooth over R. Let R
′ be a un-
ramified extension of R with residue field F , and fix a section ψ in Y∞(R
′). The
canonical morphism h∗ΩmX∞/R → Ω
m
Y∞/R
induces a morphism of free rank one R′-
modules
ψ∗h∗ΩmX∞/R → ψ
∗ΩmY∞/R.
By definition of the Fitting ideal, this map is just multiplying with the generator
a of the fitting ideal of ψ∗ΩY∞/X∞ . If ψ corresponds to a point y ∈ Gr(Y∞) such
that ord(Jach)(y) = e, then a has valuation e by the definition of the order of Jach,
and hence e is equal to the length of the cokernel of this map.
If Y∞ is only generically smooth, ψ
∗h∗ΩmX∞/R might have torsion elements. In
this case e = ord(Jach)(y) is the length of the cocernel of the map of free rank one
R′-modules ψ∗h∗ΩmX∞/R/(torsion)→ ψ
∗ΩmY∞/R.
Using the order of the Jacobian of h, we have the following proposition describing
the structure of Grn(h) for big enough n:
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Proposition 3.16. Let R be a complete discrete valuation ring of equal character-
istic with residue field k containing all roots of unity, endowed with a nice and tame
action of a finite abelian group G. Take Y∞, X∞ ∈ (stft/R,G) smooth over R, and
a G-equivariant morphism h : Y∞ → X∞ of formal schemes, which is generically
an open embedding.
Take any y ∈ Gr(Y∞) with ord(Jach)(y) = e, and set xn := θn(Gr(h)(y)) in
Grn(X∞) for some n ≥ 2e. Denote by Gx ⊂ G the stabilizer of xn, and let Bxn be
the reduced subscheme of Grn(h)
−1(xn). Then
Grn(h) : Bxn → xn
is a Gx-equivariant affine bundle of rank e with affine Gx-action.
Proof. Take any point xn = Spec(F ) ∈ Grn(X∞) as in the claim with stabilizer Gx.
To simplify the notation, we assume that Gx = G, hence G acts in particular on the
reduced subscheme Bxn of Grn(h)
−1(xn). In [Seb04, Lemme 7.2.2], it was shown
that Bxn
∼= AeF . In our proof, we use the construction of a concrete affine bundle
structure in [CLNS16, Chapter 4, Theorem 3.2.2] using derivations, to construct a
G-equivariant isomorphism of F -schemes ϕ : AeF → Bxn such that the G-action on
AeF is linear over the action on xn. Note that the steps in the construction which do
not concern the G-action are mainly taken from [CLNS16, Chapter 4, Section 3].
Construction of ϕ. Set x = Gr(h)(y). Then θn(x) = xn. For all m ∈ N, set
xm := θm(x) and ym := θm(y). By [Seb04, Lemme 7.2.2] every point in Bxn is
mapped to yn−e under θ
n
n−e. Hence Bxn is a closed subset of θ
n
n−e
−1(yn−e).
Note first that Grn(Y∞) only depends on Yn, as well as Grn(X∞) only depends
on Xn. Due to the local nature of the claim, we may replace Xn by an affine
G-invariant neighborhood U of x0 = θ
n
0 (xn) ∈ Gr0(X∞) = X0 ⊂ Xn, which exists
because the action of G on Xn is good. Moreover we may replace Yn by an affine
subset V containing θn0 (Bxn) = y0 ∈ Gr0(Y∞) = Y0 ⊂ Yn of the intersection of
h−1(U) and an affine subset of Yn containing y0. Such a V exists due to [Liu02,
Proposition 3.6.5]. Replacing V by ∩g∈Gg(V ) we may assume that V is G-invariant.
Hence from now on we assume that Yn = Spec(B) and Xn = Spec(C) are affine.
We will now describe θnn−e
−1(yn−e). Let γ : Spec(R
′
n−e)→ Y∞ be the morphism
corresponding to yn−e = Spec(F
′) ∈ Grn−e(Y∞), where R′m := Rm(F
′). Consider
the sheaf
(SchF ′)→ (Ab); (f : S → Spec(F
′)) 7→ HomOhn−e(S)(hn−e(f)
∗γ∗ΩY∞/R,J
n
n−e),
and denote it by J n,n−eyn−e . We will now construct a G-action on J
n,n−e
yn−e . This
construction works analogously to that in the proof of Proposition 3.12, so we will
be rather short on this. Again we may give maps only for affine yn−e-schemes
S = Spec(A). Recall that Yn = Spec(B) is affine, and denote by τ : B → R
′
n−e the
morphism of rings corresponding to γ. With this notation we have
J n,n−eyn−e (S) = HomR′n−e(ΩB/R ⊗B,τ R
′
n−e,J
n
n−e(A)).
For every g ∈ G, let gn ∈ Aut(J nn−e(A)), gn−e ∈ Aut(R
′
n−e), and gB ∈ Aut(B)
be the corresponding automorphisms. We can define a map gΩ : ΩB/R → ΩB/R
sending b′db to gB(b
′)d(gB(b)), with b, b
′ ∈ B and d : B → ΩB/R the canonical map.
Consider the action on J n,n−eyn−e given by sending f ∈ J
n,n−e
yn−e (S) to
g−1n ◦ f ◦ (gΩ ⊗ gn−e) ∈ J
n,n−e
yn−e (gGr(S))
= HomR′n−e(ΩB/R ⊗B,g−1n−e◦τ◦gB
R′n−e,J
n
n−e(A))
for all affine yn−e-schemes S = Spec(A). Here gGr denotes the automorphism of
yn−e induced by the automorphism of Grn−e(Y∞) corresponding to g ∈ G. Exactly
as done in the proof of Proposition 3.12 on can show that doing so we get a well
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defined G-action on J n,n−eyn−e over the action on yn−e. Note that we also have a map
of sheaves
ϕY∞ : J
n,n−e
yn−e ×yn−e θ
e
n−e
−1(yn−e)→ θ
e
n−e
−1(yn−e),
making θnn−e
−1(yn−e) a principal homogenous space, see [CLNS16, Chapter 4, Propo-
sition 2.4.2]. This map is constructed as ϕ in Proposition 3.12, and with the same
proof as there one can show that ϕY∞ is G-equivariant with the considered G-
actions.
Note that we can do the same construction also for θnn−e
−1(xn−e) ⊂ Grn(X∞).
Moreover, we can define a G-equivariant map i : J n,n−eyn−e → J
n,n−e
xn−e as follows:
recall that Xn = Spec(C) and Yn = Spec(B) are affine, and denote by ψ : C → B
the ringmorphism corresponding to hn := h|Yn . Let iΩ : ΩC/R → ΩB/R be the
map given by sending c′dc to ψ(c′)d(ψ(c)). This map is G-equivariant for the
considered actions on ΩC/R and ΩB/R, because ψ is G-equivariant by assumption.
Let S = Spec(A) be again an affine yn−e-scheme. Then i is given by sending
f ∈ J n,n−eyn−e (S) = HomR′n−e(ΩB/R ⊗B,τ R
′
n−e,J
n
n−e(A)) to
f ◦ (iΩ ⊗ id) ∈ J
n,n−e
xn−e (S) = HomR′n−e(ΩC/R ⊗C,τ◦ψ R
′
n−e,J
n
n−e(A)).
Note that τ ◦ ψ is the ring morphism corresponding to h ◦ γ : Spec(R′n−e) → X∞,
which is corresponding to the point xn−e ∈ Grn−e(X∞). As iΩ is G-equivariant,
i is G-equivariant for the considered G-actions. Altogether we get the following
commutative diagram.
J n,n−eyn−e ×yn−e θ
e
n−e
−1(yn−e)
ϕY∞
//
i×Grn(h)

θnn−e
−1(yn−e)
Grn(h)

J n,n−exn−e ×xn−e θ
n
n−e
−1(xn−e)
ϕX∞
// θnn−e
−1(xn−e)
Note that all the maps are G-equivariant. As Bxn ⊂ θ
n
n−e
−1(yn−e) is G-invariant
and mapped to the fixed point xn ∈ θnn−e
−1(xn−e), we can restrict this diagram to
get the following diagram, which is still G-equivariant:
J n,n−eyn−e ×yn−e Bxn
ϕY∞
//
i×Grn(h)

θnn−e
−1(yn−e)
Grn(h)

J n,n−exn−e ×xn−e xn
ϕX∞
// θnn−e
−1(xn−e)
Note that a point of the scheme J n,n−exn−e ×yn−e Bxn lies in the inverse image of Bxn
in θnn−e
−1(yn−e) if and only if it is mapped to (0, xn) by i×Grn(h). Hence in order
to describe Bxn , we need to describe the kernel of i. Denote the corresponding
subsheaf of J n,n−eyn−e by E. Note that f ∈ J
n,n−e
yn−e (A) lies in the kernel of i if and
only if for all c ∈ ψ(C) ⊂ B we have that f(dc) = 0. Hence we get
E(S) = HomR′n−e(ΩB/C ⊗B,τ R
′
n−e,J
n
n−e(A))
for all affine yn−e-schemes S = Spec(A). Consider now the map qΩ which maps
b′db ∈ ΩB/R to b
′db ∈ ΩB/C . The inclusion map E →֒ J
n,n−e
yn−e is given by sending
f ∈ E(S) to f ◦ qΩ ⊗ id for all yn−e-schemes S.
Consider the G-action on ΩB/C given by sending b
′db to gB(b
′)d(gB(b)) for all
g ∈ G. Denote these maps also by gΩ. These are well defined, because ψ is G-
equivariant. By construction, qΩ is G-equivariant with the considered G-actions.
Let G act on E by sending for all g ∈ G, f ∈ E(S) to g−1n ◦ f ◦ (gΩ ⊗ gn−e) in
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E(gGr(S)). Then the inclusion E →֒ J n,n−eyn−e is G-equivariant with this G-action,
thus like this we can describe the induced G-action on E over the action on yn−e.
Next we observe that there is always a fixed point y˜n = Spec(F ) in Bxn : by Proposi-
tion 3.12, θn+1n : θ
n+1
n
−1
(xn)→ xn is an affine bundle over xn = Spec(F ) with affine
G-action. Hence by [Har15b, Remark 3.7], there exists a point x˜n+1 = Spec(F ) in
θn+1n
−1
(xn) which is fixed by the action of G. To get this fixed point, one needs to
assume that the action of G is tame. Using an induction argument, we get a fixed
point x˜n+e = Spec(F ) in θ
n+e
n
−1
(xn) ⊂ Grn+e(X∞).
Restricting X∞ to a suitable open formal subscheme, we may assume that h is
generically an isomorphism, hence by [NS11a, Lemma 2.4.1], Gr(h) is surjective.
As in addition the truncation maps are surjective, because Y∞ and X∞ are smooth,
Grn+e(h)
−1(x˜n+e) is not empty. By [CLNS16, Chapter 4, 3.2.4], ord(Jach) is con-
stant on connected components of Y∞, which implies that x˜n+e also lies in the im-
age of a point y˜ ∈ Gr(Y∞) with ord(Jach)(y˜) = e. Hence by [Seb04, Lemme 7.2.2],
Grn+e(h)
−1(x˜n+e) is mapped to exactly one point y˜n = Spec(F ), which lies in
Bxn ⊂ Grn(Y∞). As x˜n+e is a fixed point and Grn+e(h) is G-equivariant, the
action of G on Grn+e(Y∞) restricts to Grn+1(h)
−1(x˜n+1). As moreover θ
n+e
n is
G-equivariant, y˜n is a fixed point.
Now we can restrict ϕY∞ to E ×yn−e y˜n, and get a G-equivariant morphism
ϕ : E ×yn−e y˜n → Bxn over xn = Spec(F ), which is an isomorphism, because ϕY∞
is a formally principal homogeneous space. Note that if E is isomorphic to AeF ′
and the action on E is linear over the action on yn−e = Spec(F
′), then E ×yn−e y˜n
is isomorphic to AeF and the action on E ×yn−e y˜n is linear over the action on
y˜n = Spec(F ). Hence from now on we assume that yn−e ∼= y˜n = Spec(F ), i.e. in
particular F = F ′, and E = E ×yn−e y˜n.
The vector space structure of E. Now we recall the construction of the isomorphism
E → AeF from [CLNS16, Chapter 4, Theorem 3.2.2]. As E is isomorphic to Bxn
which is reduced, it suffices to give this isomorphism onreduced affine F -schemes
S = Spec(A). Let γ : Spec(R′n−e) → Y∞ be again the section corresponding to
yn−e ∈ Grn−e(Y∞). As ord(Jach)(y) = e, it follows that γ∗ΩY∞/X∞ is a R
′
n−e-
module of length e. Hence we can fix an isomorphism of R′n−e-modules
j : γ∗ΩY∞/X∞ → ⊕
r
i=1R
′
ei(4)
with e1, . . . , er ∈ {0, . . . , n− e} such that e1 + · · ·+ er = e− r + 1. Hence
E(S) = HomR′n−e(⊕
r
i=1R
′
ei ,J
n
n−e(A)),
and there is a canonical isomorphism of R′n−e-modules
HomR′n−e(⊕
r
i=1R
′
ei ,J
n
n−e(A))→ ⊕
r
i=1J
n
n−ei(A),
as long as A is reduced, which we are assuming. For every i, let li be a gener-
ator of R′ei as an R
′
n−e-module. Then this isomorphism is given by sending an
f ∈ HomR′n−e(⊕
r
i=1R
′
ei ,J
n
n−e(A)) characterized by the images f(li) of the li in
J nn−ei(A), to (f(l1), . . . , f(lr)) in ⊕
r
i=1J
n
n−ei(A). As we assume that R has equal
characteristics, we get, as explain in Section 3.1.2, for every choice of a uniformizer
t ∈ R′ := R(F ) that
J nn−ei (A) = {ai1t
n−ei+1 + · · ·+ aieit
n | aij ∈ A},
see Formula (2). This determines a functorial bijection
i(A) : ⊕ri=1J
n
n−ei(A)→ ⊕
r
i=1A
ei ∼= Ae ∼= HomF (F [x1, . . . , xe], A).
As explained in Example 3.3, one can chose t such that for every g ∈ G there exists
a root of unity ξ ∈ k ⊂ F , such that the induce automorphism gn ∈ Aut(J nn−ei (A))
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is given by
gn(ai1t
n−ei+1 + · · ·+ aieit
n) = ai1ξ
n−ei+1tn−ei+1 + · · ·+ aieiξ
ntn.(5)
Here we need that k contains all roots of unity, and that G is abelian. We fix a t
such that Equation (5) holds, and thus an isomorphism E → AeF .
The action on E. Note that yn−e, given by a map i : Spec(F ) → Grn−e(Y∞), is
mapped to i ◦ gGr : Spec(F ) → Grn−e(Y∞) for all g ∈ G. Here gGr denotes again
the automorphism of Spec(F ) corresponding to g. Denote by gF the corresponding
automorphism of F , which induces an automorphism of R′n−e given by
gF,n−e : R
′
n−e = Rn−e ⊗k F → R
′
n−e; r ⊗ f 7→ r ⊗ gF (f).
This map is well defined as gF is a morphism over k. Hence γ : Spec(R
′
n−e)→ Y∞
corresponding to the point yn−e gets mapped to γ ◦ g˜F,n−e. Here g˜F,n−e is the
automorphism of Spec(R′n−e) induced by gF,n−e. So on the level of rings we have,
using the concrete construction of the group action on the points of Grn−e(Y∞),
that g−1n−e ◦ τ ◦ gB = gF,n−e ◦ τ . One computes that
R′n−e ⊗R′n−e,gF,n−e R
′
n−e = Rn−e ⊗k F ⊗Rn−e⊗kF,id⊗gF Rn−e ⊗k F
= Rn−e ⊗k F ⊗F,gF F = R
′
n−e ⊗F,gF F,
hence
ΩB/C ⊗B,g−1n−e◦τ◦gB
R′n−e ⊗F,g−1F
F = ΩB/C ⊗B,τ R
′
n−e ⊗R′n−e,gF,n−e F ⊗F,g−1F
F
∼= ΩB/C ⊗B,τ R
′
n−e.
This implies that
E(gGr(S)) = HomR′
n−e
(ΩB/C ⊗B,g−1n−e◦τ◦gB
R′n−e,J
n
n−e(A))
= HomR′n−e(ΩB/C ⊗B,τ R
′
n−e,J
n
n−e(k)⊗k A⊗F,g−1
F
F )
= HomR′
n−e
(⊕ri=1R
′
ei ,J
n
n−e(A⊗F,g−1
F
F )).
In the last line we used again the isomorphism from Equation (4). Note that if the
action on Spec(F ) is trivial, we have that A ⊗F,gF−1 F = A as modules over F .
With this notation, the action of G is given by sending f ∈ E(S) to f˜ ∈ E(gGr(S))
with
f˜(ω ⊗ r ⊗ s) = g−1n (f(gΩ(ω)⊗ gn−e(r) ⊗ gF (s)))⊗ 1
= g−1n (f(gΩ(ω)⊗ gn−e(r) ⊗ 1))⊗ s
for all g ∈ G. Let l1, . . . , lr be as before generators of γ∗ΩY∞/X∞
∼= ⊕ri=1Rei(F ).
Note that gΩ ⊗ gn−e ⊗ gF sends li to
∑r
j=1 cij lj for some cij ∈ R
′
n−e. Using that
f ∈ E(S) is a morphism over R′n−e, f is mapped to f˜ with
f˜(li) = g
−1
n ◦ f(
r∑
j=1
cij lj) = g
−1
n (
r∑
j=1
cijf(lj)) =
r∑
j=1
g−1n (cij)g
−1
n (f(lj)).
Here f˜(li) is an element in J nn−e(A⊗F,g−1
F
F ). To simplify the notation, we do not
indicate that. Using the explicit description of J nn−ei(A) from above, we can write
f(lj) = mj1t
n−ej+1 + · · ·+mjej t
n with mjl ∈ A. Here t is the uniformizer of R
we fixed before. Moreover we have cij = cij0t
0 + · · · + cijn−etn−e, with cijk ∈ F .
Hence for all i ∈ {1, . . . , r} we get
f˜(li) = g
−1
n (
r∑
j=1
((
n−e∑
k=0
cijkt
k)(
ej∑
l=1
mjlt
n−ej+l))).
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Using that we are actually computing in J nn−ei(A), we get
f˜(li) = g
−1
n (
r∑
j=1
(
ei∑
s=1
(
ej∑
l=1
cisjlmjl)t
n−ei+s)) = g−1n (
ei∑
s=1
(
r∑
j=1
ej∑
l=1
cisjlmjl)t
n−ei+s),
where cisjl := cij(s−l+ej−ei) if that is defined by the equation for cij , and 0 other-
wise. Using Equation (5) we get
f˜(li) =
ei∑
s=1
(
r∑
j=1
ej∑
l=1
cisjlξ
−(n−ei+s)mjl)t
n−ei+s
for some root of unity ξ ∈ k ⊂ F . Hence c˜isjl := cisjlξ−(n−ei+s) lies in F , and
Lis(m11, . . . ,mrer) :=
r∑
j=1
ej∑
l=1
c˜isjlmjl
defines a linear form over F . Set Le1+···+ei−1+j := Lij .
Analogously to E(S), we can now identify E(gGr(S)) with
⊕ri=1J
n
n−ei(A⊗F,g−1F
F ) ∼= (A⊗F,g−1
F
F )e ∼= Hom(F [x1, . . . , xe], A⊗F,g−1
F
F ).
Then the induced map on E(S) = Hom(F [x1, . . . , xe], A) sends f with f(xi) = ai
to
f˜ ∈ E(GGr(S)) = Hom(F [x1, . . . , xe], A⊗F,g−1
F
F )
with f˜(xi) = Li(a1, . . . , al) for all A. Hence the induced automorphism of A
e
F
∼= E
is given on ring level by sending
∑
an1...nex
n1
1 . . . x
ne
e ∈ F [x1, . . . , xe] to∑
gF (an1...ne)L1(x1, . . . , xe)
n1 . . . Le(x1, . . . xe)
ne .
One observes that this map is linear over the map on Spec(F ).
Altogether this means that Bxn
∼= AeF and the action on it is linear over the
action on F , hence Bxn is an affine bundle of rank e with affine G-action. 
Remark 3.17. If G is not abelian, Proposition 3.16 is probably still true, but we
need this assumption to get the explicit action of G on J nn−ei(A). The assumption
that G is abelian will also be used to prove Lemma 4.7. As we will only consider
abelian groups for the applications in Section 6 and Section 7, it seems to be
reasonable to restrict to this case.
Remark 3.18. As explained in [NS11a, Section 2.4], Proposition 3.16 can not
be shown if R has mixed characteristic, even if the G-action is trivial. If one
assumes that F is perfect, one gets Proposition 3.16 without G-action, see [NS11a,
Lemma 2.4.4]. In addition to the problems in the non-equivariant case, we need
that R has equal characteristic to describe Jmn (A) and the action on it explicitly.
4. Equivariant motivic integration
The aim of this section is to establish motivic integration on formal schemes with
an action of a finite group G, which will have values in an equivariant Grothendieck
ring of varieties, see Section 4.1. The main result in this section is the change of
variables formula for this equivariant motivic integrals, Theorem 4.18.
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4.1. The equivariant Grothendieck ring of varieties. Let S be any separated
scheme, endowed with a good action of a finite group G.
Definition 4.1. The equivariant Grothendieck ring of S-varieties KG0 (VarS) is
defined as follows: as an abelian group, it is generated by isomorphism classes [X ]
of elements X ∈ (SchS,G). These generators are subject to the following relations:
(1) [X ] = [Y ] + [X \ Y ], whenever Y is a closed G-equivariant subscheme of X
(scissors relation).
(2) [V ] = [W ], whenever V → B and W → B are two G-equivariant affine
bundles of rank r over B with affine G-action, see Definition 3.11.
For all X,Y ∈ (SchS,G), set [X ][Y ] := [X ×S Y ], where the fiber product is taken
in (SchS,G). This product extends bilinearly to K
G
0 (VarS) and makes it into a ring.
Let LS be the class of the affine line A
1
S with G-action induced by the action
on S, and the trivial action on the affine line. We define MGS as the localization
KG0 (VarS)[L
−1
S ].
For a discussion of the different definitions of the equivariant Grothendieck ring of
varieties in the literature, we refer to [Har15b, Chapter 4].
Notation 4.2. If G is the trivial group, we write K0(VarS) and MS instead of
KG0 (VarS) andM
G
S , receptively. Note that in this case Relation (2) becomes trivial.
If S = Spec(A), we write KG0 (VarA) for K
G
0 (VarS), LA for LS , and M
G
A for M
G
S .
If the base scheme S is clear from the context, we write L instead of LS .
Remark 4.3. A morphism of finite groups G′ → G induces forgetful ring mor-
phisms KG0 (VarS) → K
G′
0 (VarS) and M
G
S → M
G′
S . If G
′ → G is surjective, then
these morphisms are injections.
Definition 4.4. Let S be a separated scheme with an action of a profinite group
Ĝ = lim
←−
i∈I
Gi
factorizing through a good action of some finite quotient Gj . Then we define
KĜ0 (VarS) := lim−→
i∈I
KGi0 (VarS) and M
Ĝ
S := lim−→
i∈I
MGiS .
Remark 4.5. Take X ∈ (SchS,G), and let C ⊂ X be a constructable subset, closed
under the action of G. Then C defines an element in KG0 (VarS).
To see this, take a generic point η ∈ C, and let η¯ be its closure in X . As
η ∈ C, there exists an open U ⊂ η¯ containing η such that U ⊂ C. The orbit G(η¯)
of η¯ is a closed G-invariant subscheme of X . Shrinking U a bit, we may assume
that U is also open in G(η¯). As for all g ∈ G the induced map on G(η¯) is an
isomorphism, C1 := ∪g∈Gg(U) is open in G(η¯), hence it defines in particular an
element in KG0 (VarS). As C is G-invariant, C1 is contained in C. Using Notherian
induction on C \ C1 the claim follows.
Remark 4.6. Note that the trivial bundle ArS ×S B = A
r
B → B with the group
action induced by that on B and the trivial one on the affine space is an affine bundle
of rank r over B with affine G-action. From this it follows with the second relation
in the definition of the equivariant Grothendieck ring that for every G-equivariant
affine bundle V → B of rank r with affine G-action
[V ] = [B]LrS ∈ K
G
0 (VarS).
We show now that this formula also holds with less assumptions if G is abelian.
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Lemma 4.7. Assume that G is abelian. Take J, I ∈ (SchS,G), and let h : J → I be
a G-equivariant morphism. For all x ∈ I denote by Gx the stabilizer of x, and by
Jx the underlying reduced subscheme of h
−1(x), on which we get an induced action
of Gx. Assume that for all x ∈ I, Jx is a Gx-equivarinat affine bundle of rank e
with affine Gx-action. Then
[J ] = [I]LeS ∈ K
G
0 (VarS).
Proof. Take any generic point η = Spec(F ) of I. Replace, if necessary, J by its
reduced underlying subscheme with induced G-action. We can do this, because
it does not change the corresponding class in the Grothendieck ring. Moreover
J red ×I η is equal to the reduced subscheme Jη of h−1(η). Let Gη ⊂ G be the
stabilizer of η. By assumption Jη is a Gη-equivariant affine bundle of rank e with
translation space E ∼= AeF and affine Gη-action, i.e. there is a Gη-action on E, which
is linear over the action on F , and a Gη-equivariant morphism ϕ : E × Jη → Jη
inducing an isomorphism ϕ × pJη : E × Jη → Jη × Jη, where pJη denotes the
projection to Jη.
Take a Gη-invariant affine open U ⊂ I containing η, which exists because
the action of Gη on I is good. For all g ∈ Gη with corresponding automor-
phism gF of Spec(F ) = η, the induced map g
′
E : E → g
∗
F (E) is linear over
F , hence given by matrices with coefficients in F . So after maybe shrinking U
again, we may assume that these matrices give rise to morphisms of vector bundles
g′U : EU := E ×F U → g
∗
U (EU ), where gU denotes the automorphism of U corre-
sponding to g. By replacing U by ∩g∈GgU (U), we may assume that U isG-invariant.
Combining these maps with the projection maps g∗U (EU )→ EU , we get a well de-
fined good G-action on EU , which is linear over the action on U .
Note that (EU ×U JU )×U η = E × Jη and JU ×U η = Jη. Hence it follows from
[Gro66, Theorem 8.8.2] that after maybe restricting U again, there is a unique U -
morphism ϕU : EU ×U JU → JU such that its restriction to η ∈ U is equal to ϕ.
Again we may assume that U is G-invariant. Using a similar argument for ϕ× pJη
and its inverse, we may assume that ϕU × pJU : EU ×U JU → JU × JU is actually
an isomorphism. Here pJU denotes the projection to JU .
For g ∈ Gη let g′EU×JU : EU ×U JU → g
∗
U (EU ×U JU ), g
′
JU
: JU → g∗U (JU ),
g′E×Jη : E × Jη → g
∗
F (E × Jη), and g
′
Jη
: Jη → g∗F (Jη) be the maps induced by
he actions on EU ×U JU , JU , E × Jη and Jη. By [Gro66, Theorem 8.8.2], we can
restrict U such that for all g ∈ Gη, there is a unique map EU × JU → g∗U (JU )
restricting to g′Jη ◦ ϕ = ϕ ◦ g
′
E×Jη
. As both g′JU ◦ ϕU and ϕU ◦ g
′
JU×EU
have this
property, they are equal, and hence ϕU is Gη-invariant. Altogether JU is an affine
bundle with affine Gη-action and translation space EU .
We can now restrict U further such that for all g ∈ G \Gη, g(U) ∩ U = ∅. Set
V = ∪g∈Gg(U), and let r be the number of connected components Vi ⊂ V . Note
that all such Vi are of the form gi(U) for some gi ∈ G. For all i we fix such a gi.
Without loss of generality we may assume that V1 = U and g1 = id. Consider the
vector bundle f : E˜ := ⊔ri=1E
∼= AeV → V over V . Here for all i the U -scheme E
becomes a Vi-scheme using gi.
For every g ∈ G denote by g also the corresponding morphisms of JV and EU
(the last of course only exists if g ∈ Gη ⊂ G). Denote by E˜i = E × Vi the inverse
image of Vi in E˜ ×V JV . We define a morphism ϕ˜ : E˜ × JV → JV by setting
ϕ˜|E˜i = gi ◦ ϕ ◦ (id×g
−1
i ). By construction, the induced map E˜ × JV → JV × JV is
an isomorphism.
For every g ∈ G with g(Vi) = Vj , ggig
−1
j ∈ Gη. Consider the automorphism of
E˜ given by sending c ∈ f−1(Vi) ∼= EU to ggig
−1
j (c) ∈ f
−1(Vj) ∼= EU . Doing so for
all g ∈ G, we get a good G-action on E˜. For any g ∈ G look at the induced map
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g′
E˜
: E˜ → g∗V (E˜). If g(Vi) = Vj , then we have again that g˜ := ggig
−1
j ∈ Gη, and it
is easy to see that
g′
E˜
|f−1(Vi) : f
−1(Vi) ∼= EU → g˜
∗
V (f
−1(Vj)) ∼= g˜
∗
U (EU ),
coincides with the map g˜′EU , which is a morphism of vector bundles. Thus the
action on E˜ is linear over the action on V . Moreover we have
ϕ˜ ◦ g|E˜i = ϕ˜|E˜j ◦ (ggig
−1
j × g) = gj ◦ ϕ ◦ ((ggig
−1
j )× gg
−1
j )
= gjggig
−1
j ◦ ϕ ◦ (id×g
−1
i ) = ggi ◦ ϕ ◦ (id×g
−1
i ) = g ◦ ϕ˜|E˜i .
Here we used that ggig
−1
j ∈ Gη, that ϕU is Gη-invariant, and that G is actually
commutative. This calculation implies that ϕ˜ is G-equivariant. Hence all together
we have shown that JV is a G-equivariant affine bundle of rank e over V with
translation space E˜ and affine G-action.
Now we proceed with I \V until by Notherian induction we found a stratification
of I into finitely many locally closed subschemes Ci such that (h
−1(Ci))
red → Ci is
an affine bundle of rank e with affine G-action. Hence by Remark 4.6
[J ] = [h−1(I)] =
∑
[h−1(Ci)] =
∑
[(h−1(Ci))
red] =
∑
[Ci]L
e
S = [I]L
e
S ∈ K
G
0 (VarS).

4.2. Equivariant motivic measure and integrals. Let G be a finite group,
acting well on a complete discrete valuation ring R. Take X∞ ∈ (stft/R,G), and
assume that it has pure relative dimension m over R. Consider the G-actions on
Gr(X∞) and Grn(X∞) as constructed in Proposition 3.9.
Definition 4.8. Let n ≥ 0 be an integer. A subset A of Gr(X∞) is called a
cylinder of degree n, if there exists a constructable subset C of Grn(X∞), such
that A = θ−1n (C). We say that a cylinder A of degree n is G-stable of degree n if,
moreover, C = θn(A) is closed under the action of G, and for any integer N ≥ n,
the truncation map (θN+1n )
−1(C)→ (θNn )
−1(C) is piecewisely a G-equivariant affine
bundle of rank m with affine G-action.
Remark 4.9. Assume that X∞ is smooth over R. Then a cylinder A ⊂ Gr(X∞)
of degree n is G-stable if and only if it is G-invariant. This holds, because by
Proposition 3.9 the truncation map θn is G-equivariant, so θn(A) is closed under
the action ofG if and only if A isG-invariant, and by Proposition 3.12 the truncation
map θN+1N : GrN+1(X∞)→ GrN (X∞) is a G-equivariant affine bundle of degree m
with affine G-action for all N ≥ n.
For every G-stable cylinder A of degree n, θn(A) is a constructable G-invariant
subset of the finite type X0-scheme Grn(X∞), and hence defines an element of
KG0 (VarX0) by Remark 4.5. This leads us to the following definition.
Definition 4.10. Let A ⊂ Gr(X∞) be a G-stable cylinder of degree n. Then
µGX0(A) := [θn(A)]L
−(n+1)m ∈ MGX0
is the naive G-equivariant motivic measure of A on Gr(X∞).
Remark 4.11. Note that if A is a G-stable cylinder of degree n, then it is a G-
stable cylinder of degree n′, for any n′ ≥ n, because θn
′
n is G-equivariant. But still
µGX0 only depends on A and not on n. This is true, because if we view A as a
cylinder of degree n′ with n′ ≥ n, then using Remark 4.6 we get
[θn′(A)]L
−(n′+1)m = [θn(A)]L
(n′−n)mL−(n
′+1)m = [θn(A)]L
−(n+1)m ∈ KG0 (VarX0).
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Definition 4.12. We call a function α : Gr(X∞)→ Z , i.e. a map from all points
of Gr(X∞) to Z, naively G-integrable, if α takes only a finite number of values, and
if α−1(i) is a G-stable cylinder for each i ∈ N. In this case, we define the motivic
integral of α by ∫
X∞
L−αdµGX0 :=
∑
i∈Z
µGX0(α
−1(i))L−i ∈MGX0 .
Remark 4.13. It is clear from the definition that µGX0 is additive, i.e. if we can
write a G-stable cylinder A as a union A1 ∪A2 of G-stable cylinders Ai, then
µGX0(A) = µ
G
X0(A1) + µ
G
X0(A2)− µX0G(A1 ∩ A2).
It follows that if α and β are naivelyG-integrable, then α+β is naivelyG-integrable,
too, and ∫
X∞
L−(α+β)dµGX0 :=
∑
i,j∈Z
µGX0(α
−1(i) ∩ β−1(j))L−(i+j) ∈MGX0 .
Moreover, if {X l∞}l∈L is a finite G-invariant cover of X∞ by opens, we have that∫
X∞
L−αdµGX0 =
∑
∅6=L⊂L
(−1)|L|−1
∫
∩l∈LXl∞
L−αdµGX0 .
Remark 4.14. As in [Seb04] and [NS07a], one could define a bigger class of G-
closed measurable subsets of Gr(X∞), endowed with a G-equivariant motivic mea-
sure taking values in an appropriate completion of MGX0 . We will not need such a
construction for our purposes.
4.3. The equivariant change of variables formula. Let G be again a finite
group, acting nicely on a discrete valuation ring R. Let furthermore X∞ and Y∞ in
(stft/R,G) be smooth and of relative dimension m over R, and let h : Y∞ → X∞
be a G-equivariant morphism. To simplify the notation, we write h also for the
induced maps Gr(h) : Gr(Y∞)→ G(X∞) and Grn(h) : Grn(X∞)→ Grn(Y∞).
Remark 4.15. Let α : Gr(X∞)→ Z be a naively G-integrable function. Then
α ◦ h : Gr(Y∞)→ Z
is also naively G-integrable. This can be seen as follows: as the image of α is finite,
the same holds for the image of α◦h. Moreover for all i ∈ Z, Ai := α−1(i) ⊂ Gr(X∞)
is a G-stable cylinder of degree n for some n ∈ N. As h is G-equivariant, the same
is true for the induced map on the Greenberg schemes, so
(α ◦ h)−1(i) = h−1(Ai) = θ
−1
n (h
−1(θn(Ai))) ⊂ Gr(Y∞)
is G-invariant, and a cylinder, because h−1(θn(A)) is constructable due to the fact
that it is the inverse image of the constructable set θn(A). So, as Y∞ is smooth, by
Remark 4.9, (α ◦ h)−1(i) is G-stable cylinder.
The aim of this section is to compare the motivic integrals of α and α ◦ h. In the
change of variable formula, the difference will be described using the order of the
Jacobian of h, see Definition 3.14. Before we proof the change of variable formula,
we first need to show the following lemma about the order of the Jacobian.
Lemma 4.16. The fibers of the function ord(Jach) : Gr(Y∞)→ N are G-invariant.
Proof. Take g ∈ G, and let gX∞ ∈ Aut(X∞) and gY∞ ∈ Aut(Y∞) be the corre-
sponding automorphisms. As Y∞, X∞ ∈ (stft/R,G), the natural maps
g∗Y∞Ω
m
Y∞/R
→ ΩmY∞/R and g
∗
X∞Ω
m
X∞/R
→ ΩmX∞/R
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are isomorphisms. Hence we get the following commutative diagram:
g∗Y∞h
∗ΩmX∞/R
//
∼=

g∗Y∞Ω
m
Y∞/R
∼=

h∗ΩmX∞/R
// ΩmY∞/R
Here we used that as h is G-equivariant, h ◦ gY∞ = gX∞ ◦ h. Take a closed point
in Gr(Y∞) with residue field F , corresponding to an element ψ ∈ Y∞(R′) with
R′ = R(F ). Pulling back all the maps in the commutative diagram with ψ we get
that the cokernels of the two maps
sg : ψ
∗g∗Y∞h
∗ΩmX∞/R → ψ
∗g∗Y∞Ω
m
Y∞/R
and s : ψ∗h∗ΩmX∞/R → ψ
∗ΩmY∞/R
are isomorphic. Recall that the G-action on R induces canonically a G-action on
R′. Let gR′ ∈ Aut(Spf(R
′)) be the automorphism corresponding to g ∈ G. Now
pulling back sg via g
−1
R′ , we get that the cokernel of s is also isomorphic to the
cokernel of
s¯g : g
−1
R′
∗
ψ∗g∗Y∞h
∗ΩmX∞/R → g
−1
R′
∗
ψ∗g∗∞Ω
m
Y∞/R
.
Note that g−1R′
∗
ψ∗g∗Y∞ = (gY∞ ◦ψ ◦g
−1
R′ )
∗. Now assume that ψ is corresponding to a
point in Je := ord(Jach)
−1(e), hence by Remark 3.15 the cokernel of s has length e,
so the same holds for the cokernel of s¯g, and the point corresponding to g ◦ψ ◦ g
−1
R′
lies in Je, too. By Remark 3.10, the action of G on Gr(Y∞) maps ψ to g ◦ ψ ◦ g
−1
R′
for all g ∈ G, so Je is closed under the action of G for all e ∈ N. 
Remark 4.17. Assume that X∞ is only generically smooth. Take a point y in
Gr(Y∞) corresponding to ψ ∈ Y∞(R′). Then by Remark 3.15, ord(Jach)(y) is given
by the length of the cokernel of s : ψ∗h∗ΩmX∞/R/(torsion) → ψ
∗ΩmY∞/R. Hence
dividing out torsion in the proof above gives us a proof of Lemma 4.16 in the case
that X∞ is only generically smooth.
Now we are ready to state and proof the change of variables formula for equivariant
motivic integrals. The main ingredient of the proof is Proposition 3.16. To be able
to use it, we need to put some extra assumptions on G and R.
Theorem 4.18 (Equivariant change of variables formula). Assume that G is a
finite abelian group, and acts tamely on a complete discrete valuation ring of equal
characteristic R, whose residue field contains all roots of unity. Let X∞, Y∞ in
(stft/R,G) be smooth and of pure dimension over R, and let h : Y∞ → X∞ be a
G-equivariant morphism, such that hη : Yη → Xη is an open immersion, and the
induced map Yη(K
′)→ Xη(K ′) is a bijection for all unramified extensions K ′ of
K, the quotient field of R.
If α is a naively G-integrable function on Gr(X∞), then α ◦ h + ord(Jach) is
naively G-integrable on Gr(Y∞), and∫
X∞
L−αdµGX0 =
∫
Y∞
L−(α◦h+ord(Jach))dµGX0 ∈ M
G
X0 .
Proof. By Remark 4.15, α ◦h is naively G-integrable. As hη is an open immersion,
by [CLNS16, Chapter 4, 3.2.4] ord(Jach) is constant on Gr(Y
i
∞) for every connected
component Y i∞ of Y∞. Hence for all e ∈ N, Je := ord(Jach)
−1(e) is the union of the
Gr(Y i∞) such that ord(Jach)|Gr(Y i∞) has value e, which are by construction cylinders
of degree 0. By Lemma 4.16, Je is G-invariant, hence, as Y∞ is smooth, by Re-
mark 4.9 a G-stable cylinder, so ord(Jach) is naively G-integrable. By Remark 4.13
the same holds also for the sum of the two considered functions.
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Set Ai := α
−1(i) for all i ∈ Z. Then h−1(Ai) ∩ Je is a G-invariant cylinder. As
the map h : Gr(Y∞) → Gr(X∞) is G-equivariant, h(h−1(Ai) ∩ Je) = Ai ∩ h(Je) is
G-closed. By [Seb04, 7.2.2] it is a cylinder, hence using Remark 4.9 it is a G-stable
cylinder. Now consider
h : θn(h
−1(Ai) ∩ Je)→ θn(Ai ∩ h(Je))
for some n ≥ 2e. For every point xn ∈ θn(Ai ∩ h(Je)) with stabilizer Gx, the
induced map h : (h−1(xn))
red → xn is a Gx-equivariant affine bundle of rank e
with affine Gx-action, see Proposition 3.16. Hence by Lemma 4.7,
[θn(h
−1(Ai) ∩ Je)] = [θn(Ai ∩ h(Je))]L
e ∈ KG0 (VarX0).
This implies that∫
Y∞
L−(α◦h+ord(Jach))dµGX0 =
∑
i,e∈Z
µGX0(h
−1(Ai) ∩ Je)L
−(i+e)
=
∑
i,e∈Z
µGX0(Ai ∩ h(Je))L
eL−(i+e)
=
∑
i∈Z
µGX0(Ai)L
−i =
∫
X∞
L−αdµGX0 .
Here we used that if Yη(K
′) → Xη(K
′) is a bijection for every unramified exten-
sion K ′/K, then the map h : Gr(Y∞) → Gr(X∞) is a bijection, too, see [NS11a,
Lemma 2.4.1]. Hence h(Je) ∩ h(Jj) is empty for e 6= j, and⋃
e∈N
h(Je) = h(
⋃
e∈Z
Je) = h(Gr(Y∞)) = Gr(X∞).

Remark 4.19. If R has unequal characteristic, by Remark 3.18 we do not get
Proposition 3.16 in the usual Grothendieck ring, even in the non-equivariant case.
Still it might be possible to have a similar result in the some modified equivariant
Grothendieck ring, where we divide out purely inseparable maps.
5. Group actions on weak Ne´ron models
In order to be able to define and compute the equivariant integral of a gauge form
of a possibly non-smooth formal scheme with group action in Section 6, we will
make use of weak Ne´ron models with group actions, which will be studied in this
section.
5.1. Equivariant Ne´ron smoothenings. Let G be a finite group, fix a nice G-
action on a complete discrete valuation ring R, and take X∞ ∈ (stft/R,G) flat
over R. Denote by Xη the generic fiber in the category of rigid varieties.
Definition 5.1 ([BS95]). A weak Ne´ron R-model for Xη is a smooth formal scheme
U∞ ∈ (stft/R), whose generic fiber is an open rigid subspace of Xη, and which has
the property that the natural maps U∞(R
′) → Xη(K ′) are bijective for any finite
unramified extension K ′ of K, where R′ denotes the normalization of R in K ′.
Definition 5.2. We say that a morphism f : U∞ → X∞ in (stft/R,G) is a
G-equivariant Ne´ron R-smoothening for X∞, if it satisfies the following properties:
(1) there exists a morphism X ′∞ → X∞ in (stft/R,G), inducing an isomor-
phism X ′η → Xη on the generic fibers, such that f factors through a G-
equivariant open immersion U∞ →֒ X ′∞,
(2) U∞ is a weak Ne´ron R-model for Xη.
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Note that U∞ = Sm(X
′
∞), since any closed point of the special fiber of Sm(X
′
∞)
lifts to a section in X ′∞(R
′) for some finite unramified extension R′ of R. The
action of G on X ′∞ automatically restricts to Sm(X
′
∞), because smooth points are
mapped to smooth points by automorphisms.
Remark 5.3. Note that a G-equivariant Ne´ron smoothening is in general not
unique. If we have a G-equivariant Ne´ron smoothening f : U∞ → X∞ of X∞ given
by X ′∞ → X∞, then blowing up X
′
∞ in the orbit of a closed point in the image of
the special fiber of U∞ gives rise to a different G-equivariant Ne´ron smoothening
of X∞.
Theorem 5.4. Every generically smooth, flat formal scheme X∞ ∈ (sftf/R,G)
admits a G-equivariant Ne´ron smoothening.
Proof. Let I be any ideal sheaf on X∞, which contains the uniformizing parameter
t of R and is closed under the action of G. Let h : X ′∞ → X∞ be the formal blow-up
of X∞ at I. Fix g ∈ G, and denote by g also the corresponding automorphism of
X∞. Then by flat base change for formal blow-ups, see [Nic09, Proposition 2.16],
we get a Cartesian square
X ′′∞
g′
//
h′

X ′∞
h

X∞
g
// X∞
where h′ is the formal blow-up of X∞ at g
∗I. Since g∗I = I by assumption,
X ′′∞ = X
′
∞ and h = h
′, hence we have a natural morphism g′ : X ′∞ → X
′
∞ lying
over g. Doing so for every g ∈ G, this defines an action of G on X ′∞ such that h is
G-equivariant. The fact that this action is good follows, because h is projective.
By [BS95, §3, Theorem 3.1] every quasi-compact formal R-scheme, hence in
particular every stft formal R-scheme, admits a Ne´ron smoothening by means of
admissible blow-ups, i.e. by formal blow-ups with center in the special fiber of G-
closed ideal sheaves. From the argument above it follows that it suffices to show
that these ideal sheaves are G-closed. The canonical smoothening for the algebraic
case constructed in [BLR90, §3, Theorem 2] is given by a sequence of blow-ups
in G-closed ideal sheaves, which was shown in [Har15a, Lemma 2.10]. As the
construction of the ideal sheaves in the formal setting, see [BS95, §3, Lemma 3.4],
works completely analogously, the same proof can be used in the formal setting. 
Corollary 5.5. Take X∞ ∈ (stft/R,G), and let fi : U i∞ → X∞, i ∈ {1; 2}, be two
G-equivariant Ne´ron R-smoothenings of X∞. Then there is a third G-equivariant
Ne´ron R-smoothening h : V∞ → X∞, and two G-equivariant maps hi : V∞ → U i∞
with fi ◦ hi = h, which are generically open immersions.
Proof. Let f ′i : X
′i
∞ → X∞ be the G-equivariant morphism one gets from the
definition of a G-equivariant Ne´ron smoothening, i.e. the f ′i induce isomorphisms
on the generic fibers, and there are G-equivariant immersion ii : U
i
∞ → X
′i
∞ such
that fi = f
′
i ◦ ii. Take Y˜∞ = X
′1
∞ ×X∞ X
′2
∞ in (stft/R,G). Let V∞ → Y˜∞ be a
G-equivariant Ne´ron smoothening of Y˜∞, which exists due to Theorem 5.4. Since
by [BL93, Corollary 4.6] the fiber product commutes with taking generic fibers,
Y˜η ∼= Xη, which implies that the induced map h : V∞ → X∞ is a G-equivariant
Ne´ron smoothening of X∞.
We still have to show that h′i : V∞ → X
′i
∞ factors through U
i
∞. If yes, then
by construction it is automatically an open immersion on the generic fiber. Hence
assume that there is no such factorization, hence V∞ \ h
′−1
i (U
i
∞) is not the empty
formal scheme. Then there is in particular a closed point in the special fiber of V∞
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with residue field F not mapped to U i∞. As V∞ is by assumption smooth over R,
this point extends to a R′-point of V∞. Here R
′ is an unramified extension of R
with residue field F . Hence we have a R′-point of X∞ and hence a K
′-point of Xη
not coming from an R′-point of U i∞. This contradicts to the assumption that U
i
∞
is a weak Ne´ron model of X∞. 
5.2. Equivariant weak Ne´ron models for ramifications. The aim of this sub-
section is to explicitly construct equivariant Ne´ron smoothenings for some ramifi-
cation models. They will be used to explicitly compute equivariant Poincare´ series
in Section 6.5, and to compare them with Denef and Loeser’s motivic zeta function
in Section 7.3.
Throughout this subsection, we assume that R is a complete discrete valuation
ring of equicharacteristic zero, and that its residue field contains all roots of unity.
If we do not assume that k contains all roots of unity, then we need to consider
actions of group schemes instead of abstract groups. In order to keep everything
as simple as possible, we do not consider this case. Moreover, we fix a regular stft
formal R-scheme X∞, whose special fiber X0 is a simple normal crossing divisor∑
i∈I NiEi with I = {1, . . . , r}.
Notation 5.6. Let D =
∑
i∈I NiEi be a simple normal crossing divisor. For any
subset J ⊂ I, we consider the non-singular varieties
EJ =
⋂
j∈J
Ej , and E
o
J := EJ\
⋃
i∈I\J
Ei.
If J = {i}, we set Eoi := E
o
J . Set moreover mJ := gcd{Ni | i ∈ J}.
Definition 5.7 ([NS07b], Chapter 4). For each non-empty subset J ⊂ I, we can
cover EoJ ⊂ X∞ by finitely many affine open formal subschemes U∞ = Spf(V ) of
X∞, such that on U∞, t = u
∏
i∈J x
Ni
i , with t a uniformizing parameter of R, u a
unit in V , and the xi are local coordinates. The restrictions over E
o
J of the e´tale
covers U ′∞ := Spf(V {T }/(uT
mJ − 1)) of U∞ glue together to an e´tale cover E˜oJ of
EoJ .
Let µmJ be the abstract group of mJ -th roots of unity. This group acts on U
′
∞
by sending T to ξT for every ξ ∈ µd. Note that these actions glue to a good action
of µmJ on E˜
o
J .
Take any integer d such that mJ divides d, and let µd be the group of d-th roots
of unity. Then the quotient map µd → µmJ defines an action of µd on E˜
o
J . It is
explicitly given by sending T to ξ
d
mJ T for all ξ ∈ µd.
Remark 5.8. Let X be a smooth variety over a field k of characteristic 0, and let
f : X → A1k be a non-constant morphism of k-varieties. Assume that X0 := f
−1(0)
is a simple normal crossing divisor
∑
i∈I NiEi. Take J ⊂ I, and let µmJ be again
the group of mJ -th roots of unity.
In this setting, [DL01, 3.3] introduce an unramified Galois cover E˜oJ of E
o
J with
Galois group µmJ as follows: E
o
J can be covered by such affine open subset U of
X , such that, on U , f = uvmJ , with u a unit on U and v a morphism from U to
A1k. Then the restriction of E˜
o
J above E
o
J ∩ U , denoted by E˜
o
J ∩ U , is defined as
{(z, y) ∈ A1k × (E
o
J ∩ U) | z
mJ = u−1}.
Gluing together the E˜oJ ∩ U in the obvious way, we obtain the cover E˜
o
J of E
o
J ,
which has a natural µmJ -action (obtained by multiplying the z-coordinate with the
elements of µmJ ).
It is easy to see that if X∞ is the formal completion of X at X0, then this
definition of E˜oJ agrees with Definition 5.7.
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Definition 5.9. Let J be a non-empty subset of I. We say that an integer d ≥ 1 is
J-linear if there exists for every j ∈ J an integer αj ≥ 1 such that d =
∑
j∈J αjNj .
We say that d is X0-linear if there exists a non-empty subset J ⊂ I with |J | > 1
and EoJ 6= ∅, such that d is J-linear.
Let us fix some more notation: let d > 0 be an integer, and denote by R(d) a
finite totally ramified extension of R, on which Gal(K(d)/K) ∼= µd acts nicely, see
Example 2.1. Here µd is again the abstract group of d-th roots of unity. Moreover,
consider X∞(d) := X∞ ×R R(d) ∈ (stft/R(d), G) as in Example 2.2.
Furthermore, denote by n : X˜∞(d) → X∞(d) the normalization of the formal
scheme X∞(d), see [Con99, Chapter 2.1], and set
E˜(d)oi ; = E
o
i ×X∞(d) X˜∞(d).
We now describe explicitly the µd-equivariant Ne´ron smoothening for X∞(d), in
the case that X0 is not d-linear. This theorem was already proved without group
actions in [NS07b, Theorem 4.5].
Theorem 5.10. There is a unique good µd-action on X˜∞(d) such that n is µd-
equivariant. If d is not X0-linear, then
n : Sm(X˜∞(d))→ X∞(d)
is a µd-equivariant Ne´ron R-smoothening of X∞(d). Moreover,
Sm(X˜∞(d))×R k =
⊔
Ni|d
E˜(d)oi .
For every i ∈ I with Ni|d, E˜(d)oi is µd-closed, and there exists a µd-equivariant
isomorphism E˜(d)oi → E˜
o
i over E
o
i .
Proof. Take any ξ ∈ µd, and denote by ξ also the corresponding automorphism of
X∞(d). Then ξ ◦n : X˜∞(d)→ X∞(d) is also a normalization of X∞(d) by [Con99,
Theorem 2.1.2]. Hence by the universal property of a normalization we get a unique
induced automorphism ξ′ of X˜∞(d) with n ◦ ξ′ = ξ ◦ n. Doing so for every ξ ∈ µd,
we get a unique µd-action on X˜∞(d) such that n is µd-equivariant. This action
is good, because inverse images under the normalization morphism of affine open
subsets are affine by construction of the normalization.
As the action of µd on X˜∞(d) restricts to Sm(X˜∞(d)), it follows together with
[NS07b, Theorem 4.5] that h is in fact a µd-equivariant Ne´ron smoothening. Also
the decomposition of the special fiber of Sm(X˜∞(d)) was already proved there.
Denote by π : X∞(d)→ X∞ the projection map, which is µd-equivariant for the
Galois action on X∞(d) and the trivial action on X∞. Now E˜(d)
o
i = (π ◦n)
−1(Eoi ),
and hence it is as inverse of a µd-invariant subscheme µd-invariant.
For any i ∈ I with Ni|d, we can cover E
o
i by affine open formal subschemes
U∞ = Spf(V ) such that on U∞, we can write t = ux
Ni
i , with u a unit, and xi local
coordinates. It was shown in the proof of [NS07b, Lemma 4.4] that U˜∞(d) is given
by
U˜∞(d) = Spf(V (d){T }/(t(d)
d/NiT − xi, uT
Ni − 1)),
where V (d) denotes V ⊗R R(d), and t(d) is a uniformizing parameter of R(d). Let
µd act on U˜(d)∞ by sending t(d) to ξt(d) and T to ξ
−d/NiT for all ξ ∈ µd. One
can easily check that this is well defined. Moreover U˜(d)∞ → Spf(V (d)) is µd-
equivariant, because the action on V (d) = V ⊗R R(d) is given by sending t(d) to
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ξt(d) for all ξ ∈ µd. Using the uniqueness of the µd-action on X˜∞(d), this coincides
with the action constructed above.
Now restrict the action to U˜(d)∞ ×R k
∼= Spec(V [T ]/(xi, uT
Ni − 1)). It is given
by by sending T to ξ−d/NiT for all ξ ∈ µd.
Now U0 := U∞×RSpec(k) = Spec(V/(t)), and as Eoi is reduced and u
−1t = xNii ,
the restriction of Eoi to U0 is Spec(V/(xi)). This implies that the restriction of E˜
o
i
to U is given by Spec(V [T ]/(xi, uT
Ni−1)), on which µd acts by sending T to ξ
d
Ni T
for all ξ ∈ µd, see Definition 5.7. Hence in particular there exists a µd-equivariant
isomorphism E˜(d)oi
∼= E˜oi over E
o
i . 
To get rid of the assumption that d is not X0-linear later on, we will need the
following technical lemma. This lemma was already proved in [NS07b, Lemma 7.5]
without group action. To make the two results comparable, we stick to the notation
in [NS07b].
Lemma 5.11. Let J ⊂ I with |J | > 1, and let πX : X ′∞ → X∞ the formal blow-up
with center EJ . Denote the exceptional divisor by E
′
0, and the strict transform of
Ei by E
′
i for all i ∈ I. Then for each subset K ⊂ I with J \K 6= ∅ we have
[E˜′oK∪{0}] = (LX0 − [X0])
|J\K|−1[E˜oJ∪K ] ∈ K
µmK∪{0}
0 (VarX0).(6)
Proof. To simplify notation, set µ := µmK∪{0} . To prove the lemma, we go along
the lines of [NS07b, Lemma 7.5] to examine the actions of µ. As we will be in
particular interested in fibers over points in E˜oJ∪K , we can replace X∞ by affine
opens U∞ such that t = u
∏
j∈J∪K x
Nj
j , with u a unit, and the xj defining the EJ .
As J \K 6= ∅, we may assume that x1 ∈ J\K. Set J− := J \{1}, and set x′j = xj/x1
for j ∈ J−, and x′j = xj for j ∈ {1} ∪K \ J
−. Then we can write
t = π∗X(u)(x
′
1)
N0
∏
j∈J−∪K
(x′j)
Nj
on X ′∞ \ E
′
1. Here N0 :=
∑
i∈J Ni. With this notation we get as in [NS07b] that
E˜oJ∪K = E
o
J∪K [v]/(uv
mJ∪K − 1),
G := E˜oJ∪K ×EoJ∪K E
′o
K∪{0} = E
′o
K∪{0}[ω]/(π
∗
X(u)ω
mJ∪K − 1), and
E˜′oK∪{0} = E
′o
K∪{0}[z]/(π
∗
X(u)
∏
j∈J−\K
zmK∪{0} − 1).
To simplify notation, set from now on m := mJ∪K and n := mK∪{0}. Using
Definition 5.7 we get that on E˜oJ∪K , µm acts by multiplying v with the elements
of µm, and on E˜
′o
K∪{0}, µ acts by multiplying z with elements of µ. Moreover, µm
acts on G by multiplying ω with the elements in µm. The projection map from G
to E˜oJ∪K is equivariant with this µm-actions. As m = gcd{Nj | j ∈ J ∪K} divides
n = gcd{
∑
i∈J Ni, Nj | j ∈ K}, we can view the µm-actions as µ-action. This is
done by sending ξ ∈ µ to ξ
n
m ∈ µm.
Now we can define an e´tale morphism ϕ from E˜′oK∪{0} to G given by
ω 7→ z
n
m
∏
j∈J−\K
(x′j)
Nj
m .
One checks easily that ϕ is equivariant with the given µ-actions. Hence we get a
µ-equivariant isomorphism
E˜′oK∪{0}
∼= G[z]/(z
n
m − ω
∏
j∈J−\K
(x′j)
−
Nj
m ).
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Now take any x ∈ E˜oJ∪K with residue field k(x). Then as shown in [NS07b,
Lemma 7.5] the fiber Ex over x in E˜
′o
K∪{0} is isomorphic to
Spec(k(x)[z, x′j , x
′−1
j ]j∈J−\K/(z
n
m − ω(x)
∏
j∈J−\K
(x′j)
−
Nj
m )).
Here ω(x) is the value of the function ω in k(x)×. Consider the stabilizer µx of x,
which is a subgroup of µ. Note that µx might act non-trivially on k(x). As the
map E˜′oK∪{0} → E˜
o
J∪K is µ-equivariant and hence µx-invariant, µx acts on Ex. This
action is given by sending z to ξz and ω(x) to ξ−
n
mω(x) for all ξ ∈ µx ⊂ µ. The
action on k(x) agrees with the action on x = Spec(k(x)).
We can now describe Ex using [NS07b, Lemma 7.4]: by Be´zout there exist α
and βi such that α
n
m −
∑
j∈J−\K βj
Nj
m = 1. So we get
ω(x)−α
n
m (z
n
m − ω(x)
∏
j∈J−\K
(x′j)
−
Nj
m ) = (zω(x)−α)
n
m −
∏
j∈J−\K
(x′jω(x)
βj )−
Nj
m ,
hence we can replace z by y := ω(x)−αz and x′j by yj := ω(x)
βjx′j . Hence we get
Ex = Spec(k(x)[y, y
−1, yj , y
−1
j ]j∈J−\K/(1− y
n
m
∏
j∈j−\K
(yj)
−
Nj
m )),
and the action of µx is given by sending y to ξ
− n
m
αy and yi to ξ
n
m
βiyi for all ξ ∈ µx.
As shown in [NS07b, Lemma 7.4], a change of variables gives us
Ex = Spec(k(x)[y˜j , y˜
−1
j ]j∈J−\K) = Spec(
⊗
j∈J−\K
k(x)[y˜j , y˜
−1
j ]),
with yj = y
aj
∏
i∈J−\K y
aji
j for some aj , aij ∈ Z. One computes that the action
of µx is given by sending y˜i to ξ
ni y˜i for some ni ∈ N for all ξ ∈ µx. Altogether
Ex ∼= A
|J−\K|
k(x) \ {0}, and the action on Ex is the restriction of a linear action on
A
|J−\K|
k(x) . With a proof analogous to that in Lemma 4.7 it follows that
[E˜′oK∪{0}] = (LX0 − [X0])
|J−\K|[E˜oJ∪K ] ∈ K
µ
0 (VarX0),
and hence the claim, because |J− \K| = |J \K|. 
6. The equivariant volume Poincare´ series
The aim of this section to give definitions of equivariant versions of the integral
of a gauge form, [LS03, Theorem-Definition 4.1.2], the motivic Serre invariant,
[LS03, Section 4], the volume Poincare´ series and the Serre Poincare´ series, [NS07b,
Definition 7.2 and Definition 7.3]. In Section 6.5 we give formulas for the equivariant
volume Poincare´ series and the equivariant Serre Poincare´ series, which imply in
particular that these series are rational functions.
Throughout this section, let R be a complete discrete valuation ring of equal
characteristic, whose residue field k contains all roots of unity. Let G be a finite
abelian group, acting nicely on R. Assume moreover that the action of G on R
is tame. These assumption will allow us to use the change of variables formula,
Theorem 4.18.
6.1. The order of a G-closed gauge form. Suppose that X∞ is an stft formal
R-scheme of pure relative dimension m, generically smooth, and that ω is a global
section of ΩmXη/K , i.e. a gauge form on Xη. As Ω
m
Xη/K
∼= ΩmX∞/R⊗RK, see [BLR95,
1.5], and X∞ is quasi-compact, we can find an integer a ≥ 0 such that taω, with t
a uniformizer of R, extends to a global section ω′ of ΩmX∞/R. Fix such ω
′ and a.
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Definition 6.1 ([NS07b], Definition 6.3). Let R′ be an extension of R of ramifica-
tion index one, and ψ a section in X∞(R
′). The module M := ψ∗ΩmX∞/(torsion) is
a free R′-module of rank one. We define ord(ω′)(ψ) as the length of the R′-module
M/R′(ψ∗ω′), and set ord(ω)(ψ) := ord(ω′)(ψ)−a. This definition does not depend
on ω′ and a. Identifying points of Gr(X∞) with sections ψ ∈ X∞(R′) for some
unramified extension R′ of R, we obtain a map ord(ω) : Gr(X∞)→ Z.
Definition 6.2. We say that a gauge form ω is G-closed if the fibers of the map
ord(ω) are G-closed sets.
Lemma 6.3. Take X∞, Y∞ ∈ (stft/R,G) be of pure relative dimension m. Assume
that Y∞ is smooth and X∞ is generically smooth. Let h : Y∞ → X∞ be a G-
equivariant morphism. If a gauge form ω on Xη is G-closed, then h
∗ω is a G-closed
gauge form on Yη.
Proof. By [NS07b, Lemma 6.4], ord(h∗ω) = ord(ω)◦h+ord(Jach). By Lemma 4.16
and Remark 4.17, all fibers of ord(Jach) are G-closed. As the fibers of ord(ω) are
G-closed by assumption, the same holds for ord(ω) ◦ h, because h is G-equivariant.
Hence also the fibers of the sum, and hence of ord(h∗ω), are G-closed sets. 
6.2. The equivariant integral of a gauge form. We are now going to investigate
the existence of a G-equivariant Ne´ron smoothening, Theorem 5.4, to define the
equivariant integral of a global gauge form.
Theorem-Definition 6.4. Let X∞ ∈ (stft/R,G) be generically smooth, flat, and
of pure relative dimension over R, and let ω be a G-closed gauge form on Xη. We
set ∫
X∞
|ω| :=
∫
U∞
L
− ord(f∗ω)
X0
dµX0 ∈ M
G
X0 ,
where f : U∞ → X∞ is any G-equivariant Ne´ron smoothening of X∞. This integral
is well defined, in particular it does not depend on the choice of f .
Proof. By Theorem 5.4, we know that there exists aG-equivariant Ne´ron smoothen-
ing f : U∞ → X∞. By Lemma 6.3, f∗ω isG-closed, i.e. the fibers of ord(f∗ω) areG-
closed. It follows from [NS11a, Proposition 2.3.8] that ord(f∗ω) takes only finitely
many values and its fibers are cylinders. As U∞ is smooth, Remark 4.9 implies that
ord(f∗ω) is naively G-integrable, so
∫
U∞
L− ord(f
∗ω)dµX0 is well defined.
Recall that a G-equivariant Ne´ron smoothening is not unique in general, see Re-
mark 5.3. Hence we still need to show that the definition does not depend on the
Ne´ron smoothening. Take two G-equivariant Ne´ron smoothenings fi : U
i
∞ → X∞,
i ∈ {1; 2}. By Corollary 5.5, we may assume that there is a G-equivariant map
h : U2∞ → U
1
∞, which is generically an open immersion, such that f1 ◦ h = f2. As
both U1∞ and U
2
∞ are weak Ne´ronmodels ofX∞, the induced map U
2
η (K
′)→ U1η (K
′)
is a bijection for every unramified extension K ′/K. Hence we can apply the
change of variables formula, Theorem 4.18, to h. Recall moreover that by [NS07b,
Lemma 6.4] ord(f∗2ω) = ord(h
∗f∗1ω) = ord(f
∗
1ω) ◦ h+ ord(Jach). Hence altogether
we get that∫
U1∞
L− ord(f
∗
1 ω)dµX0 =
∫
U2∞
L−(ord(f
∗
1 ω)◦h+ord(Jach))dµX0 =
∫
U2∞
L− ord(f
∗
2 ω)dµX0 .

6.3. The equivariant motivic Serre invariant.
Theorem-Definition 6.5. Let X∞ ∈ (stft/R,G) be generically smooth, flat and
of pure dimension m over R. We define the equivariant motivic Serre invariant
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SG(X∞) of X∞ by
SG(X∞) := [U0] ∈ K
G
0 (VarX0)/(L− 1),
where f : U∞ → X∞ is any G-equivariant Ne´ron smoothening of X∞, and U0 is
the special fiber of U∞. This definition does not depend on the choice of f .
Proof. Take two G-equivariant Ne´ron smoothenings fi : U
i
∞ → X∞, i ∈ {1; 2}. By
Corollary 5.5, we may assume that there is a G-equivariant map h : U2∞ → U
1
∞,
which is generically an open immersion, such that f1 ◦h = f2. As both U1∞ and U
2
∞
are weak Ne´ron models of X∞, the induced map U
2
η (K
′) → U1η (K
′) is a bijection
for every unramified extension K ′/K. This implies in particular that the induced
map h : Gr(U2∞)→ Gr(U
1
∞) is a bijection, and hence h : Grn(X∞)→ Grn(X∞) is
a surjection for all n.
Let n ≥ 2max{ord(Jach)}, which exists, because, as shown in the proof of Theo-
rem 4.18, ord(Jach) is naively G-integrable. Set Je := θn(ord(Jach)
−1(e)) for every
e ∈ N. Take any xn ∈ h(Je) ⊂ Grn(U1∞) with stabilizer Gx. Then it follows from
Proposition 3.16 that (h−1(xn))
red is a Gx-equivariant affine bundle of rank e over
xn with affine Gx-action. Hence by Lemma 4.7
[Je] = [h(Je)]L
e
X0 ∈ K
G
0 (VarX0).
As U1∞ and U
2
∞ are smooth, we can use Proposition 3.12 to get that
[U i0] = [Gr0(U
i
∞)] = [Grn(U
i
∞)]L
−nm
X0
∈ KG0 (VarX0).
Now we set L equal to 1 = [X0] in K
G
0 (VarX0), and get
[U10 ] = [Grn(U
1
∞)] =
∑
[Je] =
∑
[h(Je)] = [Grn(U
2
∞)] = [U
2
0 ] ∈ K
G
0 (VarX0)/(L− 1).

Remark 6.6. Assume that Xη admits a G-closed global gauge form ω, and let
f : U∞ → X∞ be a G-equivariant Ne´ron smoothening of X∞. By [LS03, 4.3.1] the
function ord(f∗ω) is constant on θ−10 (D) for every connected component D of U0.
As ord(f∗ω) is G-closed, this implies that it is constant with value ordC(f
∗ω) on
the G-stable cylinder θ−10 (C), where C is the orbit of D. Denote by GC(U0) the
set of orbits on the connected components of U0. With this notation we get that∫
X∞
|ω| = L−m
∑
C∈GC(U0)
[C]L− ordC(f
∗ω) ∈ MGX0 .
Hence SG(X∞) is the image of
∫
X∞
|ω| under the projection morphism
MGX0 →M
G
X0/(L− 1)
∼= KG0 (VarX0)/(L− 1).
6.4. Equivariant Poincare´ series. We suppose now that k has characteristic
zero. Let X∞ be a generically smooth, stft formal R-scheme of pure dimension m.
Recall that for any integer d > 0, Gal(K(d)/K) ∼= µd, the group of d-th roots of
unity, acts on R(d) and X∞(d), see Example 2.1 and Example 2.2. If ω is a gauge
form on Xη, we denote by ω(d) the pullback of ω to the generic fiber ob X∞(d).
By construction ω(d) is a µd-closed gauge form.
Recall that the groups µd form a projective system with respect to the quotient
maps µ′d → µd which we have whenever d divides d
′. We denote by µˆ the projective
limit of the µd. By construction µd is a quotient of µˆ for all d. Hence we can view
the integral
∫
X∞(d)
|ω(d)| and the motivic Serre invariant Sµd(X∞(d)) as elements
in MµˆX0 and K
µˆ
0 (VarX0)/(L − 1), respectively. Here µˆ acts trivially on X0, the
special fiber of X∞, which is also the special fiber of X∞(d).
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Definition 6.7. For any integer d > 0, we put
F (X∞, ω; d) :=
∫
X∞(d)
|ω(d)| ∈ MµˆX0 .
This defines a function F (X∞, ω) : N →M
µˆ
X0
which we call the equivariant local
singular series associated to the pair (X∞, ω). The equivariant volume Poincare´
series S(X∞, ω;T ) of the pair (X∞, ω) is the generating series
S(X∞, ω;T ) =
∑
d>0
F (X∞, ω; d)T
d ∈ MµˆX0 [[T ]] .
Definition 6.8. The equivariant Serre Poincare´ series S(X∞;T ) of X∞ is the
generating series
S(X∞;T ) =
∑
d>0
Sµd(X∞(d))T
d ∈ K µˆ0 (VarX0)/(L− 1)[[T ]] .
Remark 6.9. Definition 6.8 does not require that Xη admits a global gauge form,
see Theorem-Definition 6.5. If it does, then by Remark 6.6 the series S(X∞, ω;T )
specializes to the Serre Poincare´ series S(X∞;T ) under the morphism
MµˆX0 [[T ]]→M
µˆ
X0
/(L− 1)[[T ]] ∼= K
µˆ
0 (VarX0)/(L− 1)[[T ]] .
6.5. Computation of the equivariant Poincare´ series. The aim of this sub-
section is to give explicit formulas for the equivariant Poincare´ series and the equi-
variant Poincare´ series. We will need these formulas to compare the equivariant
Poincare´ series with Denef and Loeser’s motivic zeta function in Section 7. To get
the formulas, we will use Section 5.2, in particular the explicit weak Ne´ron model
constructed in Theorem 5.10. Note that similar formulas were already proved in
[NS07b, Theorem 7.6 and Corollary 7.7] in the non-equivariant case.
We will use the same assumptions and notations as in Section 6.4. Moreover,
we fix an embedded resolution h : X ′∞ → X∞ of X∞, i.e. a morphism of flat sftf
formal R-schemes inducing an isomorphism on the generic fiber, such that X ′∞ is
regular and such that the special fiber X ′0 =
∑
i∈I NiEi is a simple normal crossing
divisor. For all J ⊂ I, let E˜oJ and E˜
o
i be defined as in Definition 5.7.
Theorem 6.10. Let ω be a gauge form on Xη, and let µi be the order of ω of any
point in Ei. For any integer d > 0, we have that
F (X∞, ω; d) = L
−m
∑
∅6=J⊂I
(L− 1)|J|−1[E˜oJ ](
∑
ki≥1,i∈J∑
i∈J kiNi=d
L−
∑
i kiµi ) ∈ MµˆX0 .
Moreover, the equivariant volume Poincare´ series is explicitly given by
S(X∞, ω;T ) = L
−m
∑
∅6=J⊂I
(L− 1)|J|−1[E˜oJ ]
∏
i∈J
L−µiTNi
1− L−µiTNi
∈MµˆX0 [[T ]] .
Proof. We go along the lines of the proof of the non-equivariant case, [NS07b,
Theorem 7.6], and show that it remains valid if we take the µˆ-action into account.
Assume that d is not X ′0-linear. Then we can use Theorem 5.10 to get that
Sm(X˜ ′∞(d)) → X
′
∞(d) is an equivariant Ne´ron smoothening of X
′
∞(d), and hence
also of X∞(d), and the class of the special fiber of Sm(X˜ ′∞(d)) agrees with the
sum
∑
i∈I,Ni|d
[E˜oi ] in K
µˆ
0 (VarX0). By [NS07b, Lemma 6.3] the pullback of ω to
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Sm(X˜ ′∞(d)) has value µid/Ni on E˜(d)
o
i , the pullback of Ei to Sm(X˜
′
∞(d)). More-
over, if Ni divides d, then E˜
o
i
∼= E˜(d)oi . Hence
F (X∞, ω; d) = L
−m
∑
i∈I,Ni|d
[E˜oi ]L
µid/Ni
= L−m
∑
∅6=J⊂I
(L− 1)|J|−1[E˜oJ ](
∑
ki≥1,i∈J∑
i∈J kiNi=d
L−
∑
i kiµi ) ∈ MµˆX0 .(7)
In the second equation it was used again that d is not X0-linear.
By [NS07a, Lemma 5.17] we can always find a map X ′′∞ → X
′
∞ constructed
by a sequence of blowups of strata EJ for some J ⊂ I, such that d is X
′′
0 -linear
and X ′′∞ → X∞ is an embedded resolution. As by Lemma 5.11 Formula (6) holds
in K
µmJ∪K
0 (VarX0), and hence also in K
µˆ
0 (VarX0) and M
µˆ
X0
, we can show with
the same computation as in [NS07b, Theorem 7.6] that the right hand side of
Equation (7) is invariant under blow-ups of strata EJ . This implies the first part
of the theorem. The second part follows from this result with exactly the same
computation as in the prove of [NS07b, Corollary 7.7]. 
We also get a similar formula for the equivariant Serre invariant and the equivari-
ant Serre Poincare´ series. If Xη admits a global gauge form, this formula follows
immediately from Theorem 6.10 using Remark 6.6 and Remark 6.9, respectively.
But it holds without assuming the existence of a global gauge form.
Theorem 6.11. For any integer d > 0, we have that
Sµd(X∞(d)) =
∑
i∈I,Ni|d
[E˜oi ] ∈ K
µˆ
0 (VarX0)/(L− 1) and
S(X∞;T ) =
∑
i∈I
[E˜oi ]
TNi
1− TNi
∈ K µˆ0 (VarX0)/(L− 1)[[T ]] .
Proof. Assume first that d is not X ′0-linear. As in the proof of Theorem 6.10, we
can use Theorem 5.10 and get that
Sµd(X∞(d)) =
∑
i∈I,Ni|d
[E˜oi ] ∈ K
µˆ
0 (VarX0)/(L− 1).
Take a map X ′′∞ → X
′
∞ as above such that d is not X
′′
0 -linear. It follows from
Lemma 5.11 that the classes of E˜′oi in K
µˆ
0 (VarX0)/(L − 1) are zero if they are
coming from an exceptional divisor E′i, hence we get rid of the assumption that X
′
0
is not d-linear, and the first claim follows. This implies that
S(X∞;T ) =
∑
d≥0
T d
∑
i∈I,Ni|d
[E˜oi ] =
∑
i∈I
[E˜oi ]
∑
d′>0
T d
′Ni
=
∑
i∈I
[E˜oi ]
TNi
1− TNi
∈ K µˆ0 (VarX0)/(L− 1)[[T ]] .

By [NS07b, Proposition 2.5], every affine generically smooth stft formal R-scheme
admits an embedded resolution. Here one needs that k has characteristic zero.
Hence as without group actions, see [NS07b, Corollary 7.8], we have the following
corollary.
Corollary 6.12. Let X∞ be a generically smooth stft formal R-scheme, of pure
relative dimension, that admits a global gauge form ω on Xη. Then there exists a
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finite subset S of Z× N∗ such that S(X∞, ω;T ) belongs to the ring
MµˆX0 [T ]
[
LaT b
1− LaT b
]
(a,b)∈S
⊂MµˆX0 [[T ]] .
Hence in particular S(X∞, ω;T ) is a rational function. Similarly one gets that the
equivariant Serre Poincare´ series S(X∞;T ) is a rational function.
7. Application to Denef and Loeser’s motivic zeta functions
Throughout this section, let X be an irreducible smooth variety of dimension m+1
over a field of characteristic zero k containing all roots of unity, together with a
dominant map f : X → A1k. Denote by X0 the special fiber f
−1(0) of f over the
point 0 ∈ A1k. Denote by X∞ the formal completion of X along X0. This is a
generically smooth sftf formal scheme of relative dimension m over R := k[[t]].
Denote by Xη the generic fiber of X∞.
The aim of this section is to recover Denef and Loeser’s motivic zeta function of
X from a special equivariant Poincare series of X∞, namely from the equivariant
motivic Weil generating series. Moreover we define and examine the equivariant
motivic volume of a formal R-scheme, from which we can recover the motivic nearby
cycles Sf of f . Before we do so, we recall some definitions and fix notations.
7.1. Jet schemes. As for example in [DL01, 2.1], we define for any integer d > 0,
the d-th jet scheme Ld(X) to be the k-scheme representing the functor
(k − alg)→ (Sets); A 7→ X(A[t]/(td+1)) = Homk(Spec(A[t]/(t
d+1)), X).
Following [DL01, 3.2], we denote by Xd and Xd,1 the X0-varieties
Xd := {ψ ∈ Ld(X) | ordt f(ψ(t)) = d} and
Xd,1 := {ψ ∈ Ld(X) | f(ψ(t)) = t
dmod td+1},
where the structural morphisms to X0 are given by reduction modulo t. Let µd,
the group of d-th roots of unity, act on Xd,1 by sending ψ(t) ∈ Xd,1 to ψ(ξt) for any
ξ in µd. Hence Xd,1 can be viewed as an X0-variety with good µˆ-action, where µˆ
denotes again the projective limit of the µd.
Remark 7.1. Take any d > 0. As explained in [DL01, 3.2], we can connect Xd and
Xd,1 as follows: Look at the map ϕ : Xd,1 ×Gm,k → Xd given by sending (ψ(t), a)
to ψ(at). Let µd act on Xd,1 × Gm,k by sending (ψ(t), a) to (ψ(ξt), ξ−1a) for all
ξ ∈ µd. As ϕ(ψ(t), a) = ψ(at) = ψ(ξ−1aξt) = ϕ(ψ(ξt), ξ−1a), ϕ factors through a
map ϕ˜ : (Xd,1 × Gm,k)/µd → Xd, which is in fact an isomorphism. As the action
on Xd,1 × A1k extending the action on Xd,1 × Gm,k is linear over the base Xd,1, we
get that
[Xd,1 ×Gm,k] = [Xd,1]LX0 − [Xd,1] ∈M
µd
X0
.
This implies, using that the quotient map on MµdX0 is well defined by [Har15b,
Corollary 8.4], that
[Xd] = (LX0 − 1)[Xd,1/µd] ∈MX0 .
7.2. Motivic zeta functions. In [DL01, 3.2.1], the motivic zeta function Z(f ;T )
of f is defined as
Z(f ;T ) :=
∞∑
d=1
[Xd,1]L
−(m+1)dT d ∈ MµˆX0 [[T ]],
and the naive motivic zeta function Znaive(T ) is defined as
Znaive(f ;T ) :=
∞∑
d=1
[Xd]L
−(m+1)dT d ∈MX0 [[T ]] .
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Remark 7.2. Using Remark 7.1 one can recover the naive motivic zeta function
from the motivic zeta function as follows:
Znaive(f ;T ) = (L− 1)Z(f ;T )/µˆ ∈ MX0 [[T ]],
where Z(f ;T )/µˆ is the image of Z(f, T ) under the map q : MµˆX0 [[T ]] → MX0 [[T ]]
sending
∑
aiT
i to
∑
ai/µˆ T
i, where ai/µˆ denotes the image of ai under the quotient
map given in [Har15b, Corollary 8.5].
Let h : X ′ → X be an embedded resolution for f , i.e. h is a proper morphism
inducing an isomorphism Y \ X ′0 → X \ X0, Y is smooth, and X
′
0 =
∑
i∈I NiEi
is a simple normal crossing divisor. Let KX′/X =
∑
i∈I(ξi − 1)Ei be the relative
canonical divisor of f . By [DL01, Theorem 3.3.1] we have
Z(f ;T ) =
∑
∅6=J⊂I
(L− 1)|J|−1[E˜oJ ]
∏
i∈J
L−ξiTNi
1− L−ξiTNi
∈ MµˆX0 [[T ]] .(8)
Here E˜oJ is given by Definition 5.7, which agrees with the definition by Denef and
Loeser, see Remark 5.8. By Remark 7.2 and the fact that E˜oJ/µˆ = E
o
J , with E
o
J as
in Notation 5.6, Equation (8) implies that
Znaive(f ;T ) =
∑
∅6=J⊂I
(L− 1)|J|[EoJ ]
∏
i∈J
L−ξiTNi
1− L−ξiTNi
∈MX0 [[T ]] .
Inspired by the p-adic case, Denef and Loeser defined the motivic nearby cycles Sf
by taking formally the limit of −Z(f ;T ) for T →∞ inMµˆX0 . By Equation (8) this
limit is well defined, and
Sf =
∑
∅6=J⊂I
(1− L)|J|−1[E˜oJ ] ∈ M
µˆ
X0
.(9)
7.3. Recovering the motivic zeta function. Assume for this subsection, that
Xη admits a global gauge form ω. As in [NS07b, 9.5], we can associate to it its
Gelfand-Leray form ωdf .
Definition 7.3. We define the equivariant motivic Weil generating series associ-
ated to f by S(f ;T ) := S(X∞,
ω
df ;T ) ∈M
µˆ
X0
[[T ]] .
Theorem 7.4. Let X be a smooth irreducible variety over k of dimension m+ 1,
and let f : X → A1k be a dominant morphism. Assume that there exists a global
gauge form on Xη. Then
S(f ;T ) = L−mZ(f ;LT ) ∈MµˆX0 [[T ]] .
Proof. Let h : X ′ → X be an embedded resolution of f . Let X ′0 =
∑
i∈I NiEi be
its special fiber and KX′/X =
∑
i∈I(ξi − 1)Ei its relative canonical divisor. Then
by [NS07b, Lemma 9.6]
ordEi(
h∗ω
d(f ◦ h)
) = ξi −Ni.
With this fact the theorem follows immediately from Theorem 6.10 and Formula (8).

Using Remark 7.2, we can also recover the naive motivic zeta function from S(f, T ).
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7.4. Recovering the motivic nearby cycles. Using Theorem 7.4 we can also
recover Sf from S(f, T ) by taking formally the limit of −S(f, T ) for T → ∞ and
multiplying it with Lm. Due to Corollary 6.12, this limit also makes sense without
assuming that the formal scheme X∞ comes from a morphism f , which leads us
to the following definition, which was given in [NS07b, Definition 8.3] in the non-
equivariant case.
Definition 7.5. Let X∞ be a sftf formal scheme of pure relative dimension m
over R with smooth generic fiber Xη, which admits a gauge form ω. We define
equivariant motivic volume SX∞ ∈ M
µˆ
X0
to be the formal limit of −S(X∞, ω;T )
for T →∞.
Take any embedded resolution of X∞ with special fiber
∑
i∈I NiEi, and let E˜
o
J
be given as in Definition 5.7. Then Theorem 6.10 implies that SX∞ satisfies the
following formula:
SX∞ = L
−m
∑
∅6=J⊂I
(1− L)|J|−1[E˜oJ ] ∈M
µˆ
X0
.(10)
In particular the definition of SX∞ does not depend on ω.
Now take any cover {X l∞}l∈L of X∞ by open formal subschemes. Then by con-
struction {X l∞(d)}l∈L is a µd-invariant cover ofX∞(d) for all d. Hence Remark 4.13
implies that
F (X∞, ω; d) =
∑
∅6=L⊂L
(−1)|L|−1F (XL∞, ω; d) ∈M
µˆ
X0
,
where XL∞ := ∩l∈LX
l
∞ for all L ⊂ L. Hence summing up the F (X∞, ω; d) we get
that the analog equation holds also for −S(X∞, ω;T ). Taking formally the limit
for T against ∞, we get
SX∞ =
∑
∅6=L⊂L
(−1)|L|−1SXL∞ ∈M
µˆ
X0
.(11)
Inspired by this equation, we can, as in the non-equivariant case, see [NS07b, Sec-
tion 8, Remark], define SX∞ without assuming the existence of a global gauge form
on Xη. Here we use that Xη admits a gauge form locally, because X∞ is generically
smooth.
Definition 7.6. Let X∞ be a sftf formal generically smooth R-scheme of dimen-
sion m over R. Fix any finite cover {X l∞}l∈L of X∞ by open formal subschemes,
such that X lη admits a global gauge form ωl. For all L ⊂ L set X
L
∞ := ∩l∈LX
l
∞.
We define the equivariant motivic volume of X∞ by
SX∞ :=
∑
∅6=L⊂L
(−1)|L|−1SXL∞ ∈ M
µˆ
X0
,
where SXL∞ is given by Definition 7.5.
Using Equation (11), Definition 7.5 and Definition 7.6 agree in the case that Xη
admits a global gauge form. Moreover, if we have two covers {X l∞}l∈L and {Y
l
∞}l∈L′
of X∞ we can compare them via the common refinement {X l∞ ∩ Y
r
∞}l,r∈L×L′, so
Definition 7.6 does not depend on the chosen cover.
If we use Formula (10) to compute the SXL∞ , we get
SX∞ =
∑
∅6=L⊂L
(−1)|L|−1L−m
∑
∅6=J⊂I
(1 − L)|J|−1[E˜oJ ×X0 X
L
∞]
= L−m
∑
∅6=J⊂I
(1− L)|J|−1[E˜oJ ] ∈ M
µˆ
X0
.
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This formula and Formula (9) imply the following proposition:
Proposition 7.7. Let X be a smooth, irreducible variety over k of dimension m+1,
and let f : X → A1k be a non-constant morphism. Let X∞ be the formal completion
of X along X0 = f
−1(0). Then
Sf = L
mSX∞ ∈M
µˆ
X0
.
As done in [Har15b, Section 9] with Sf/µˆ, we can now study the quotient SX∞/µˆ.
Using Formula (10) we we can in particular deduce the following result with the
same proof as in [Har15b, Proposition 9.5].
Corollary 7.8. Let X∞ be a sftf formal scheme of relative dimension m over R
with smooth generic fiber. Then the class of X ′0 modulo L in MX0 does not depend
on the choice of an embedded resolution h : X ′∞ → X∞.
For a discussion of this result we refer to [Har15b, Section 9].
Finally remark that modulo L−1 we can recover Sf also from the equivariant Serre
Poincare´ series. This follows from Theorem 6.11 and Formula (9). More concrete,
we have the following proposition:
Proposition 7.9. Let X be a smooth, irreducible variety over k, let f : X → A1k be
a dominant morphism, and let X∞ be the formal completion of X along X0 = f
−1(0).
Then the limit of −S(X∞;T )Lm for T →∞ agrees with Sf in K
µˆ
0 (VarX0)/(L− 1).
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